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ABSTRACT

Constructing number fields with prescribed ramification is an important problem in
computational number theory. In this dissertation, I consider the problem of generating
number fields of a fixed degree which are unramified outside a given set of primes. Current
methods for generating such fields use a method called the targeted Hunter search, but this
method is only guaranteed to find the primitive fields. Another search technique, called
the Martinet search, is used to find imprimitive fields. The standard Martinet search is
designed to find all fields with a given discriminant bound and is not efficient at targeting
fields with prescribed ramification. In this dissertation, the targeted search technique and
the Martinet search technique are combined to form a new algorithm, called the targeted
Martinet search. The targeted Martinet search is guaranteed to find all the imprimitive
fields having a prescribed ramification. This new algorithm is then used to generate complete
tables of imprimitive number fields for degrees 4 through 10.
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CHAPTER 1

INTRODUCTION

An important problem in the study of fields is to find all number fields of a fixed
degree with a given discriminant bound. A related problem, which is equally important,
is to find all number fields with a prescribed ramification structure. This dissertation will
focus on this second problem, and will concentrate primarily on finding all imprimitive
number fields unramified outside of a finite set of primes.

One of the key theorems, which is used extensively in this line of research, is Hunter’s
theorem. Hunter’s theorem is used to give bounds on the integer coefficients of a defining
polynomial for the field. One then finds all fields by doing a computer search over all
polynomials satisfying the bounds. The problem with Hunter’s theorem is that it is only
guaranteed to find the primitive fields (i.e. those with no intermediate subfields). This
issue is resolved by using a relative version of Hunter’s theorem, called Martinet’s theorem.

For fields of degree four or higher, the standard computer searches can become
computationally burdensome. We fix this by using what is called a targeted Hunter search.
When the field is unramified outside a given finite set of primes, the coefficients of a defining
polynomial obey certain congruence relations. By exploiting these congruences, we can
reduce the number of polynomials that need checking by several orders of magnitude.

Martinet searches have been performed by Diaz Y Diaz and Olivier [4]. The targeted
Hunter search has been used before for sextic and septic fields by Jones and Roberts [7, 8].
The goal of my research was to combine these two methods into what we call a targeted
Martinet search, and then apply the new method to several applications.

In this chapter, I give a brief overview of the three main search techniques: the
Hunter search, the Martinet search, and the targeted Hunter search. I end the chapter with
a short discussion of the targeted Martinet search.

1.1. Hunter Searches

Suppose one wished to determine all algebraic number fields K of degree n with
discriminant bounded by M . The primary tool used to accomplish this is Hunter’s theorem:

Theorem 1.1 (Hunter). Let K be a number field of degree n over Q. There exists α ∈ OK\Z
such that

n∑
i=1

|αi|2 ≤
1
n

Tr(α)2 + γn−1

(
|dK |
n

)1/(n−1)

,



2

where the αi’s are the conjugates of α, dK is the discriminant of K, γn−1 is Hermite’s
constant in dimension n− 1, and Tr(α) =

∑n
i=1 αi is the trace of α over Q. Furthermore,

we may assume that 0 ≤ Tr(α) ≤ n
2 .

Let us assume that the element α given by Hunter’s theorem is primitive (which is
always the case when n is prime). Let fα be the minimal polynomial for α over Q and write

fα(x) = xn + a1x
n−1 + · · ·+ an−1x + an.

Since α ∈ OK we must have ai ∈ Z for each i. Hunter’s theorem also tells us that |a1| =
|Tr(α)| ≤ n

2 . We can obtain bounds on the other coefficients as follows. Since dK is

bounded, so is T2(α) def=
∑n

i=1 |αi|2. Say T2(α) ≤ B. Then for each i, |αi| ≤
√

B. Finally,
since the ai’s are symmetric polynomials in the αi’s, one can easily obtain the following
bound:

|ak| ≤
(

n

k

)
Bk/2 (k = 2, 3, . . . , n).

So every primitive field K of degree n with bounded discriminant is defined by a
polynomial fα with coefficients bounded as above. The number of such polynomials is finite,
hence the number of fields K is finite and these fields can be obtained by checking each
candidate fα. We reiterate that this method is only guaranteed to find all the primitive
fields; a method for obtaining the imprimitive fields uses Martinet’s theorem, which is
discussed later.

The bounds on the ai’s computed above are actually quite weak, and there are
several ways to improve these bounds. See Cohen [3](pp.445-460) for a good summary of
the various methods for tightening these bounds.

The general algorithm for finding the primitive fields K of degree n with dK ≤ M

proceeds as follows. One starts with a set of nested loops over the ai’s. For each combination
of ai’s, one forms the polynomial fα. For fα to be valid it must satisfy the following
conditions:

1. fα must be irreducible,

2. T2(α) must satisfy Hunter’s bound, and

3. |dK | must be less than or equal to M .

If all these conditions are met, then fα is added to a list. Since some of these polynomials
may generate the same field, a final step in the algorithm is to remove any duplicates
from the list. An efficient method for removing duplicates is the polredabs algorithm as
described in [2] (pp.170-173, algorithm 4.4.12). Polredabs transforms each polynomial into
a new polynomial which defines the same field but has a simplified pseudo-canonical form.
Two polynomials which define the same field will most likely be reduced to the same form
by polredabs, allowing the easy removal of almost all the duplicates. To weed out the last
remaining duplicates, we use the nfisisom subroutine from the pari-gp library [2] (pp.179-
180).
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Now suppose one wanted to determine all fields K of degree n which were unramified
outside a finite set of primes S. Such a field K would have discriminant of the form

dK = ±
∏
pi∈S

pri
i .

A famous result from algebraic number theory tells us that the exponents ri are finite. In
fact, one can show the following result which gives a maximum bound for the discriminant:

Theorem 1.2. Let K be a number field of degree n over Q. Let p be a prime at which K is
ramified. Write n as n = arp

r + · · ·+a1p+a0 where 0 ≤ ai ≤ p−1 and let T = { i | ai 6= 0}.
Then the upper bound for the exponent of p in dK is

B = n− |T |+
∑
i∈T

iaip
i.

Now that we have an upper bound on |dK |, we may apply our earlier results to
find all the primitive fields K of degree n which are unramified outside of S. Although
easy to implement, this approach is also very inefficient. We will see in section 1.3 how
the ramification structure of p can be used to obtain congruences on the coefficients of fα,
thereby improving computation time by orders of magnitude.

1.2. Martinet Searches

In the previous section, we showed how Hunter’s theorem could be used to find
number fields K with bounded discriminant. Hunter’s theorem is only guaranteed to find
all the primitive fields. In order to find the imprimitive fields, one could use Martinet’s
theorem [12], which is basically a relative version of Hunter’s theorem:

Theorem 1.3 (Martinet). Let K be a number field of degree m over Q and let L be a finite
extension of K of relative degree n = [L : K]. Let σ1, . . . , σm denote the embeddings of K

into C. Then there exists α ∈ OL\OK such that

mn∑
i=1

|αi|2 ≤
1
n

m∑
j=1

|σj(TrL/K(α))|2 + γm(n−1)

(
|dL|

nm|dK |

)1/m(n−1)

,

where the αi’s are the conjugates of α, dK is the discriminant of K, dL is the discriminant
of L, and γm(n−1) is Hermite’s constant in dimension m(n − 1). Furthermore, α can be
chosen arbitrarily modulo addition by elements of OK and also modulo multiplication by
roots of unity in OK .

Suppose we wanted to find all fields L of degree nm containing a subfield K of degree
m, and such that |dL| ≤ B. From algebraic number theory we have

dL = ±d
[L:K]
K NK/Q(dL/K),
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which implies |dK | ≤ |dL|1/n ≤ B1/n. So the first step in a Martinet search is to find all
fields K of degree m with |dK | ≤ B1/n.

Fixing the subfield K, let α be the element coming from Martinet’s theorem, and
let

fα,K(x) = xn + a1x
n−1 + · · ·+ an−1x + an

be the minimal polynomial for α over K. The bound on T2(α) =
∑mn

i=1 |αi|2 can be used
to give bounds on the coefficients ai. We omit the details of this, but it is analogous to the
procedure for Hunter searches.

The general Martinet search algorithm for finding all field extensions L/K with
[L : K] = n, [K : Q] = m, and |dL| ≤ B proceeds as follows. One first finds all fields K of
degree m with |dK | ≤ B1/n. For each field K, one obtains the coefficient bounds and then
constructs a sequence of nested loops over these coefficients. For each combination of ai’s,
one forms the polynomial fα,K . For fα,K to be valid it must satisfy the following conditions:

1. fα,K must be irreducible over K. When it is, we set L = K(α).

2. T2(α) must satisfy Martinet’s bound, and

3. |dL| must be less than or equal to B.

If all these conditions are met, then fα,K is converted to a degree nm polynomial over Q
and added to a list. The final list is refined in the exact same way that it was for the Hunter
search.

As a final note, the above procedure can also be used to determine all imprimitive
fields L unramified outside of a finite set of primes by first computing the bound on dL as
described in section 1.1. But as mentioned before, this approach would be highly ineffi-
cient. An efficient alternative is the targeted Martinet search, which is the subject of this
dissertation.

1.3. Targeted Hunter Searches

Suppose we wanted to find all primitive number fields of degree n which are unram-
ified outside of a finite set of primes S. As mentioned in section 1.1, the number of such
fields is finite and can be found using a standard Hunter search. However, such an approach
would be computationally impractical. A more practical method would be to use what is
called a targeted Hunter search [7, 8].

In a targeted Hunter search, the archimedean bounds on the polynomial coefficients
are the same as for a standard Hunter search. But in addition, the targeted search uses
congruences on the coefficients in order to reduce the number of candidate polynomials and
thereby speed up the algorithm.

A set of congruences is obtained for each possible ramification structure. Given the
ramification structure, the congruences are found via a localization process at each p above
p ∈ S. For example, when n = 3 there are only 2 possible ways that p can ramify:
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1. pOK = p3
1, or

2. pOK = p2
1p2.

One can show that the first ramification structure leads to a set of 2 congruences given by

fα(x) ≡ x3 (mod p)

and

fα(x) ≡ x3 + x2 +
1
3
x +

(
1
3

)3

(mod p),

provided that p 6= 3. When p 6= 2, the second ramification structure leads to a set of 2p

congruences given by
fα(x) ≡ x3 − 3a2x− 2a3 (mod p)

and
fα(x) ≡ x3 + x2 + a(2− 3a)x + a2(1− 2a) (mod p)

where a ∈ {0, 1, . . . , p− 1}. When p = 2 or 3, the ramification is wild and some additional
work is required. Wild ramification gives a larger discriminant bound, but the congruences
also have a larger modulus. For more detailed examples, the reader is directed to [7, 8].

1.4. Targeted Martinet Searches

The goal of my research was to combine the Martinet search technique with the
targeted search technique, and apply it to the problem of finding all imprimitive fields
unramified outside of a finite set of primes.

The algorithm can be viewed as having three main components. First, obtain bounds
on the polynomial coefficients; second, obtain congruences on the coefficients; and third,
implement the congruences. A separate chapter is devoted to each of these issues. Following
that, there is a chapter giving applications of the targeted Martinet search. Finally, there
is an appendix with complete tables of number fields obtained via the targeted Martinet
search.
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CHAPTER 2

ARCHIMEDEAN BOUNDS FOR THE COEFFICIENTS

The first component of a targeted Martinet search is to obtain decent archimedean
bounds on the polynomial coefficients. Note that the bounds derived in this chapter also
apply to a standard Martinet search.

Let K be a degree m field, and let L be a finite extension of K with [L : K] = n.
Let σ1, . . . , σm denote the embeddings of K into C, and for each i let σi1, . . . , σin denote
the embeddings of L into C extending σi. Without loss of generality, we will assume that
σ1 is the identity on K and that σ11 is the identity on L. Finally, we let ω1, ω2, . . . , ωm be
an integral basis for K.

Now let α ∈ OL\OK be the element given by Martinet’s theorem and let fα,K(x) ∈
OK [x] be the minimal polynomial for α over K. Write

fα,K(x) = xn + a1x
n−1 + · · ·+ an−1x + an

where each ai ∈ OK . We may also write ai =
∑m

j=1 aijωj where each aij ∈ Z.
The goal of this chapter is to give bounds for the coefficients ai.

2.1. Bounds on a1

According to Martinet, we may add an arbitrary element of OK to α without chang-
ing the bound. The minimal polynomial for α +

∑m
j=1 bjωj is given by

fα

x−
m∑

j=1

bjωj

 =

x−
m∑

j=1

bjωj

n

+ a1

x−
m∑

j=1

bjωj

n−1

+ · · ·+ an

= xn +

a1 − n

m∑
j=1

bjωj

xn−1 + · · · .

The xn−1 coefficient is

m∑
j=1

a1jωj − n

m∑
j=1

bjωj =
m∑

j=1

(a1j − nbj) ωj .
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By choosing appropriate values for bj , we may assume that −bn−1
2 c ≤ |a1j | ≤ bn

2 c for each
j. It follows that there are nm possible values for a1. For example, when n = m = 2, the
possible values for a1 are {0, 1, ω, 1 + ω}.

But we can do better. According to Martinet, we may multiply by a root of unity
in OK without affecting the bound. So by choosing b1 appropriately we first assume that
|a11| ≤ bn

2 c; and then multiplying α by −1 when a11 < 0 we may assume that a11 ∈
{0, 1, . . . , bn

2 c}. Here we have used the fact that f−α(x) = ±fα(−x) = xn−a1x
n−1+· · ·±an.

Choosing the other bj ’s appropriately we may still assume that −bn−1
2 c ≤ |a1j | ≤ bn

2 c for
each j > 1. We now have

(
bn

2 c+ 1
)
nm−1 possible values for a1.

But we can do still better. When a11 = 0, we may apply the same logic as above to
the coefficient a12 to give a12 ∈ {0, 1, . . . , bn

2 c}. Similarly, when both a11 = 0 and a12 = 0,
we may apply the same logic to give a13 ∈ {0, 1, . . . , bn

2 c}. And in general, when a11 through
a1k are all zero, we can assume a1,k+1 ∈ {0, 1, . . . , bn

2 c}.
Letting η(n, m) denote the number of possible values for a1, we have

η(n, m) = η(n, m− 1) +
⌊n

2

⌋
· nm−1.

Starting with η(n, 1) = 1 + bn
2 c, an inductive argument gives us

η(n, m) = 1 +
⌊n

2

⌋
+
⌊n

2

⌋
· n +

⌊n

2

⌋
· n2 + · · ·+

⌊n

2

⌋
· nm−1

= 1 +
⌊n

2

⌋
· (1 + n + n2 + · · ·+ nm−1)

= 1 +
⌊n

2

⌋
·
(

nm − 1
n− 1

)
.

Table 2.1 gives the possible values for a1 for various values of n and m. When m = 2
the table assumes the integral basis is {1, ω}, otherwise the integral basis is {ω1, . . . , ωm}.
This table gives all possible cases for fields L with [L : Q] ≤ 10.

We summarize the above results in the following theorem:

Theorem 2.1. The coefficient a1 can be chosen from a finite set of values. This set depends
solely on n and m and contains 1 +

⌊
n
2

⌋
·
(

nm−1
n−1

)
elements. Table 2.1 lists the possiblities

for all degrees up to and including decics.

Note that when m = 1 the above results give bn
2 c+ 1 possible values for a1 given by

{0, 1, . . . , bn
2 c} which is consistent with Hunter’s theorem.

Fixing the value for a1, Martinet’s bound now becomes:
mn∑
i=1

|αi|2 ≤
1
n

m∑
j=1

|σj(a1)|2 + γm(n−1)

(
|dL|

nm|dK |

)1/m(n−1)

.

The second term in Martinet’s bound depends on the field K and the field L. Fixing the
subfield K and also fixing the ramification structure for L/K, gives us values for dK and dL.
Once these values have been fixed, we then have an actual numerical value for Martinet’s
bound which can be used to bound the other coefficients of fα.
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Table 2.1: The possible values for a1 for various n and m.

n m η(n, m) Possible values for a1

2 2 4 {0, 1, ω, 1 + ω}
2 3 8 {0, ω1, ω2, ω3, ω1+ω2, ω1+ω3, ω2+ω3, ω1+ω2+ω3}
2 4 16

{∑4
i=1 a1iωi 0 ≤ a1i ≤ 1

}
2 5 32

{∑5
i=1 a1iωi 0 ≤ a1i ≤ 1

}
3 2 5 {0, 0 + ω, 1, 1 + ω, 1− ω}
3 3 14 {0, ω3, ω2, ω2 − ω3, ω2 + ω3, ω1, ω1 − ω3, ω1 + ω3,

ω1 + ω2, ω1 + ω2 − ω3, ω1 + ω2 + ω3, ω1 − ω2,
ω1 − ω2 − ω3, ω1 − ω2 + ω3}

4 2 11 {0, 0 + ω, 0 + 2ω, 1, 1 + ω, 1 + 2ω, 1− ω,
2, 2 + ω, 2 + 2ω, 2− ω}

5 2 13 {0, 0 + ω, 0 + 2ω, 1, 1 + ω, 1 + 2ω, 1− 2ω,
1− 1ω, 2, 2 + ω, 2 + 2ω, 2− 2ω, 2− 1ω}

2.2. Bounds on an

We now turn our attention to the constant coefficient an. Let Ca1 denote Martinet’s
bound where the subscript a1 is used to signify the dependence of Martinet’s bound on the
coefficient a1.

We start by considering the minimal polynomial of α over K:

fα,K(x) = xn + a1x
n−1 + · · ·+ an−1x + an =

n∏
j=1

(x− σ1j(α)).

Therefore,

|an|2 =
n∏

j=1

|σ1j(α)|2 ≤

 1
n

n∑
j=1

|σ1j(α)|2
n

where we have used the arithmetic/geometric mean inequality. Applying the same idea to
the minimal polynomial of σi1(α) over σi(K) we obtain

fσi1(α),σi(K) = σi(fα,K) = xn + σi(a1)xn−1 + · · ·+ σi(an−1)x + σi(an)

=
n∏

j=1

(x− σij(α))

and

|σi(an)|2 =
n∏

j=1

|σij(α)|2 ≤

 1
n

n∑
j=1

|σij(α)|2
n

.
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Combining all these inequalities, we get

m∑
i=1

|σi(an)|2 ≤ 1
nn

 n∑
j=1

|σ1j(α)|2
n

+
1
nn

 n∑
j=1

|σ2j(α)|2
n

+ · · ·+ 1
nn

 n∑
j=1

|σmj(α)|2
n

≤ 1
nn

 m∑
i=1

n∑
j=1

|σij(α)|2
n

≤
(

1
n

Ca1

)n

. (2.1)

Now write an =
∑m

j=1 anjωj where each anj ∈ Z. Then σi(an) =
∑m

j=1 anjσi(ωj)
and we get the following matrix representation

σ1(an)
σ2(an)

...
σm(an)

 =


σ1(ω1) σ1(ω2) · · · σ1(ωm)
σ2(ω1) σ2(ω2) · · · σ2(ωm)

...
...

...
σm(ω1) σm(ω2) · · · σm(ωm)




an1

an2

...
anm

 .

Multiplying each side of this expression by its conjugate transpose, we get

m∑
i=1

|σi(an)|2 = ~an
HQHQ ~an

where Q = [σi(ωj)]ij and H denotes the Hermitian operator (i.e. conjugate transpose). We
have proven the following theorem:

Theorem 2.2. The coefficient an satisfies the bound

~an
TQHQ ~an ≤

(
1
n

Ca1

)n

,

where Q = [σi(ωj)]ij.

Note that the expression ~an
TQHQ ~an is a positive definite quadratic form in the

integer components of an.
Theorem 2.2 can be improved for the case when m is even and the signature of K is

(0, m
2 ). Let s = m

2 and order the embeddings of K so that σi and σi+s are conjugate pairs
(i = 1, 2, . . . , s). It follows that

s∑
i=1

n∑
j=1

|σij(α)|2 =
m∑

i=s+1

n∑
j=1

|σij(α)|2
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and therefore
s∑

i=1

n∑
j=1

|σij(α)|2 =
1
2

m∑
i=1

n∑
j=1

|σij(α)|2 ≤ 1
2
Ca1 . (2.2)

The bound in Equation 2.1 can then be made tighter as follows

m∑
i=1

|σi(an)|2 ≤ 1
nn

 n∑
j=1

|σ1j(α)|2
n

+ · · ·+ 1
nn

 n∑
j=1

|σsj(α)|2
n

+
1
nn

 n∑
j=1

|σs+1,j(α)|2
n

+ · · ·+ 1
nn

 n∑
j=1

|σmj(α)|2
n

≤ 1
nn

 s∑
i=1

n∑
j=1

|σij(α)|2
n

+
1
nn

 m∑
i=s+1

n∑
j=1

|σij(α)|2
n

≤ 2
nn

(
1
2
Ca1

)n

.

We state this as a corollary.

Corollary 2.3. Let [K : Q] be even and suppose K is totally complex. Then the coefficient
an satisfies the bound

~an
TQHQ ~an ≤

1
2n−1

(
1
n

Ca1

)n

.

2.3. Bounds on ai (2 ≤ i ≤ n− 1)

Before bounding the other coefficients, we will need some notation. First, let
{α1, . . . , αn} denote the roots of fα,K(x). We then define the power sums to be

sk =
n∑

j=1

αk
j

where k ∈ Z. The power sums are inductively related to the coefficients of fα,K(x) via
Newton’s formula

kak = −
k∑

j=1

ak−jsj (2.3)

where a0
def= 1. The first few values of sk are

s1 = −a1,

s2 = a2
1 − 2a2,

and
s3 = −a3

1 + 3a1a2 − 3a3.
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Now define Tk =
∑n

j=1 |αj |k and note that |sk| ≤ Tk.

The usual strategy in the literature is to first bound sk, and then inductively use
Newton’s formula to get bounds for ak. We start by considering s2, which may be written
as

s2 =
n∑

j=1

σ1j(α)2.

If we apply σi to s2 we get

σi(s2) =
n∑

j=1

[σi ◦ σ1j(α)]2 =
n∑

j=1

σij(α)2.

Then |σi(s2)| ≤
∑n

j=1 |σij(α)|2 and we get

m∑
i=1

|σi(s2)|2 ≤

[
m∑

i=1

|σi(s2)|

]2

≤

 m∑
i=1

n∑
j=1

|σij(α)|2
2

≤ C2
a1

. (2.4)

If we let ~b = a2
1, then from Newton’s formula we have 2 ~a2 = ~b− ~s2. The jth component of

~a2 then satisfies a2j = 1
2(bj − s2j). Since a2j must be an integer, we only keep those values

for s2j having the same parity as bj . We have proven the following theorem.

Theorem 2.4. The power sum s2 satisfies the bound

~s2
TQHQ~s2 ≤ C2

a1
.

Letting ~b = a2
1, the coefficient a2 satisfies the relation

~a2 =
1
2
(~b− ~s2).

Theorem 2.4 can be improved for the case when m is even and the signature of K is
(0, m

2 ). Let s = m
2 and order the embeddings of K so that σi and σi+s are conjugate pairs
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(i = 1, 2, . . . , s). This time we get

m∑
i=1

|σi(s2)|2 ≤
m∑

i=1

 n∑
j=1

|σij(α)|2
2

= 2
s∑

i=1

 n∑
j=1

|σij(α)|2
2

≤ 2

 s∑
i=1

n∑
j=1

|σij(α)|2
2

≤ 2
[
1
2
Ca1

]2

=
1
2
C2

a1

where we have used Equation 2.2. This gives us the following corollary.

Corollary 2.5. Let [K : Q] be even and suppose K is totally complex. Then the power sum
s2 satisfies the bound

~s2
TQHQ~s2 ≤

1
2
C2

a1
.

Letting ~b = a2
1, the coefficient a2 satisfies the relation

~a2 =
1
2
(~b− ~s2).

The other power sums sk can be bounded in the same way that s2 was bounded.
The precise result is stated in the following theorem.

Theorem 2.6. The power sum sk satisfies the bound

~sk
TQHQ~sk ≤ Ck

a1
.

Given ai and si for i ∈ {1, 2, . . . , k − 1}, set ~b = −
∑k−1

j=1 ak−jsj. Then the coefficient ak

satisfies the relation

~ak =
1
k
(~b− ~sk).

There is a much better alternative to Theorem 2.6. The method is due to M.
Pohst [14], and uses Lagrange multipliers to minimize the bounds on Tk. The method is
summarized in the following theorem.

Theorem 2.7 (Pohst). Let f = xn + a1x
n−1 + · · · + an where an is fixed, let t2 be any

bound for T2 =
∑
|αi|2 (the αi’s are the roots of f), and let r = t2

|an|2/n .
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1. For n0 ∈ {1, 2, . . . , n− 1}, the equation

n0x
n0−n + (n− n0)xn0 = r

has either one or two positive roots. Let zn0 be the smallest such root.

2. For any k ∈ Z, let

tk = |an|k/n max
1≤n0≤n−1

{
n0z

k(n0−n)/2
n0

+ (n− n0)zkn0/2
n0

}
.

Then we have the bound |sk| ≤ Tk ≤ tk.

A proof of Theorem 2.7 can be found in [3] (p.458). The next theorem is helpful for
computing the zn0 ’s.

Theorem 2.8. Let Rk(x) = kxk−n+(n−k)xk where 1 ≤ k ≤ n−1. For r ≥ n, let zk be the
unique root of Rk(x)− r = 0 with 0 < zk < 1. Set x0 = (k

r )1/(n−k) and xi+1 = xi− Rk(xi)−r
R′

k(xi)
.

Then xi is an increasing sequence, xi < zk for all i, and xi converges quadratically to zk.

We will use the method of Pohst to bound |sk| for 3 ≤ k ≤ n − 1. We must
apply Pohst, not only to fα,K , but also to every conjugate polynomial fσi1(α),σi(K). Let

T
(i)
2 =

∑n
j=1 |σij(α)|2. In order to use the method of Pohst, we need a bound t

(i)
2 for T

(i)
2 .

Starting from the Martinet bound
∑m

i=1

∑n
j=1 |σij(α)|2 ≤ Ca1 , we get

T
(k)
2 =

n∑
j=1

|σkj(α)|2 ≤ Ca1 −
m∑

i=1
i6=k

n∑
j=1

|σij(α)|2. (2.5)

Next, from the arithmetic/geometric mean inequality we have

n∑
j=1

|σij(α)|2 ≥ n

 n∏
j=1

|σij(α)|2
1/n

= n|σi(an)|2/n.

Substituting this into Equation 2.5, we finally get

T
(k)
2 ≤ Ca1 − n

m∑
i=1
i6=k

|σi(an)|2/n.

Now let t
(i)
k be the Pohst bound for T

(i)
k , obtained by applying Pohst to the ith conjugate

polynomial. We then have |σi(sk)| ≤ t
(i)
k . Combining these bounds together we get

~sk
TQHQ~sk =

m∑
i=1

|σi(sk)|2 ≤
m∑

i=1

[
t
(i)
k

]2
.

The above results are summarized in the following theorem.
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Theorem 2.9. For k ∈ {1, 2, . . . ,m}, let t
(k)
2 = Ca1 − n

m∑
i=1
i6=k

|σi(an)|2/n. For each i ∈

{1, 2, . . . ,m}, let
{

t
(i)
k 3 ≤ k ≤ n− 1

}
be the Pohst bounds, obtained by applying Theorem

2.7 to fσi1(α),σi(K). Set Bsk
=

m∑
i=1

[
t
(i)
k

]2
. Then the power sum sk satisfies the bound

~sk
TQHQ~sk ≤ Bsk

.

Given ai and si for i ∈ {1, 2, . . . , k − 1}, set ~b = −
∑k−1

j=1 ak−jsj. Then the coefficient ak

satisfies the relation

~ak =
1
k
(~b− ~sk).

2.4. Constraints on Coefficients

The bounds derived in the earlier sections are quite good. However, it is possible to
augment these bounds with additional constraints on the coefficients; and any polynomial
not satisfying these constraints may be discarded. We start with some lemmas. A proof for
Lemma 2.10 can be found in [3] (p.452); the proofs for the other lemmas are omitted but
are not difficult.

Lemma 2.10. For i = 1, 2, . . . , n let xi ≥ 0, and let k ≥ 2 be a real number. Then

n∑
i=1

xk
i ≤

(
n∑

i=1

x2
i

)k/2

.

Lemma 2.11. Let n ≥ 3 and let xi ≥ 0 for i = 1, 2, . . . , n. Then

n−1∑
i=1

n∑
j=i+1

xixj ≤
n− 1

2

n∑
i=1

x2
i

with equality iff xi = xj for all i and j.

Lemma 2.12. Let n ≥ 4 and let xi ≥ 0 for i = 1, 2, . . . , n. Then

n−2∑
i=1

n−1∑
j=i+1

n∑
k=j+1

xixjxk ≤
1
6
(n− 1)(n− 2)

n∑
i=1

x3
i

with equality iff xi = xj for all i and j.

The next lemma generalizes the previous two lemmas.

Lemma 2.13. Fix k ≥ 2. Let n ≥ k + 1 and let xi ≥ 0 for i = 1, 2, . . . , n. Then∑
{ all distinct k-tuples xi1xi2 · · ·xik} ≤

1
n

(
n

k

) n∑
i=1

xk
i

with equality iff xi = xj for all i and j.
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2.4.1. Constraints on an. First consider the minimal polynomial for −α. When
n is odd,

f−α(x) = −fα(−x) = xn − a1x
n−1 + a2x

n−2 − · · ·+ an−1x− an.

Since L = K(α) = K(−α), when a1 = 0 we may assume an1 ≥ 0. We can do this because
the bounds on an1, which come from Theorem 2.2, are symmetrical about 0.

This constraint cannot be used when n is even, because in that case f−α(x) and
fα(x) have the same constant coefficient. However, a similar idea can be applied to the a3

coefficient; this will be described in the next section.

Theorem 2.14. If n is odd and a1 = 0, then one may assume an1 ≥ 0.

We now derive a second constraint on the an coefficient. Starting with the arith-
metic/geometric mean inequality,

|σi(an)| =
n∏

j=1

|σij(α)| ≤

 1
n

n∑
j=1

|σij(α)|

n

,

from which it follows that

|σi(an)|2/n ≤ 1
n2

 n∑
j=1

|σij(α)|

2

≤ 1
n2

 n∑
j=1

|σij(α)|2 + 2
n−1∑
j1=1

n∑
j2=j1+1

|σij1(α)| · |σij2(α)|


≤ 1

n2

 n∑
j=1

|σij(α)|2 + (n− 1)
n∑

j=1

|σij(α)|2


=
1
n

n∑
j=1

|σij(α)|2

where we have used Lemma 2.11. Summing over i gives

m∑
i=1

|σi(an)|2/n ≤ 1
n

m∑
i=1

n∑
j=1

|σij(α)|2 ≤ 1
n

Ca1 .

We have proven the following theorem.

Theorem 2.15. The coefficient an satisfies the inequality

m∑
i=1

|σi(an)|2/n ≤ 1
n

Ca1 .
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Theorem 2.15 can be used to give

m∑
i=1

|σi(an)|2 =
m∑

i=1

(
|σi(an)|2/n

)n

≤

(
m∑

i=1

|σi(an)|2/n

)n

(By Lemma 2.10)

≤
(

1
n

Ca1

)n

which is the same bound derived in Theorem 2.2. So the bound of Theorem 2.15 is tighter
than that of Theorem 2.2.

2.4.2. Constraints on ak (2 ≤ k ≤ n−1). We start with the analog of Theorem 2.14
for the case when n is even. When n is even,

f−α(x) = fα(−x) = xn − a1x
n−1 + a2x

n−2 − · · · − an−1x + an.

Let n ≥ 4 and consider the a3 coefficient. When a1 = 0, we have s3 = −3a3. Therefore,
from Theorem 2.9,

~a3
TQHQ~a3 =

1
9

~s3
TQHQ~s3 ≤

1
9
Bs3 .

So we can bypass the computation for s3, and go straight to a3. Since the bounds on a31 are
symmetrical about 0, we can use the same idea as in Theorem 2.14 to assume that a31 ≥ 0.

Theorem 2.16. If n is even, n ≥ 4, and a1 = 0, then a3 satisfies the inequality

~a3
TQHQ~a3 ≤

1
9
Bs3 .

Furthermore, one may assume that a31 ≥ 0.

Next, consider the a2 coefficient. Since a2 =
n−1∑
i=1

n∑
j=i+1

σ1i(α)σ1j(α), Lemma 2.11

gives

|a2| ≤
n−1∑
i=1

n∑
j=i+1

|σ1i(α)| · |σ1j(α)| ≤ n− 1
2

n∑
j=1

|σ1j(α)|2.

We have a similar inequality for each σi(a2):

|σi(a2)| ≤
n− 1

2

n∑
j=1

|σij(α)|2.

Hence,
m∑

i=1

|σi(a2)| ≤
n− 1

2

m∑
i=1

n∑
j=1

|σij(α)|2 ≤ 1
2
(n− 1)Ca1 .

This proves the following theorem:
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Theorem 2.17. The coefficient a2 satisfies the inequality

m∑
i=1

|σi(a2)| ≤
1
2
(n− 1)Ca1 .

The inequality for a2 generalizes to the other coefficients. The coefficient ak is the
kth symmetric polynomial in the roots of fα,K . Hence,

ak =
∑

{ all distinct k-tuples σ1i1(α)σ1i2(α) · · ·σ1ik(α)} .

So from Lemma 2.13 we get

|ak| ≤
1
n

(
n

k

) n∑
j=1

|σ1j(α)|k.

We have a similar inequality for each σi(ak):

|σi(ak)| ≤
1
n

(
n

k

) n∑
j=1

|σij(α)|k ≤ 1
n

(
n

k

)
t
(i)
k

where {t(i)k | 1 ≤ i ≤ m} are the Pohst bounds, obtained by applying Theorem 2.7 to
fσi1(α),σi(K). We have shown the following:

Theorem 2.18. For k ∈ {3, 4, . . . , n − 1}, the coefficient ak simultaneously satisfies the
following m inequalities:

|σi(ak)| ≤
1
n

(
n

k

)
t
(i)
k (1 ≤ i ≤ m)

where {t(i)k | 1 ≤ i ≤ m} are the Pohst bounds.

In particular, Theorem 2.18 gives

|σi(a3)| ≤
1
6
(n− 1)(n− 2)t(i)3 ,

|σi(a4)| ≤
1
24

(n− 1)(n− 2)(n− 3)t(i)4 .

At first sight, these bounds might appear to be too loose to be helpful, but experience shows
this is not the case, especially for small n. For example, when n = 5, the second inequality
becomes |σi(a4)| ≤ t

(i)
4 , which is actually quite good.

2.4.3. Constraints on an−1. In addition to the constraint on an−1 given in the
previous section, there is another useful constraint which can be applied when n ≥ 5, which
is now described.

A careful reading of Theorem 2.7 tells us that the method of Pohst also applies
to T−1

def=
∑

i |αi|−1. Letting t
(i)
−1 be the Pohst bound corresponding to the ith conjugate
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polynomial, we have |σi(s−1)| ≤ t
(i)
−1. If we let α1,α2,. . .,αn denote the roots of fα,K , then

the an and an−1 coefficients are given by:

an = (−1)n
n∏

i=1

αi,

an−1 = (−1)n+1
n∑

i=1

n∏
j=1

j 6=i

αj .

Therefore,

−an−1

an
=

n∑
i=1

1
αi

= s−1

which implies |an−1| = |s−1an| ≤ t
(1)
−1|an|. The same argument can be applied to the

conjugate polynomials, which gives |σi(an−1)| ≤ t
(i)
−1|σi(an)|. We now have the following

theorem:

Theorem 2.19. Let n ≥ 5. Then given an, the coefficient an−1 simultaneously satisfies the
following m inequalities:

|σi(an−1)| ≤ t
(i)
−1|σi(an)| (1 ≤ i ≤ m)

where {t(i)−1 | 1 ≤ i ≤ m} are the Pohst bounds.

2.4.4. Additional Constraints. Another set of constraints can be derived by ap-
plying the method of Pohst to the characteristic polynomial of α over Q. Let cα(x) denote
this characteristic polynomial, which is the product of all the conjugate polynomials:

cα(x) =
m∏

i=1

fσi1(α),σi(K)(x).

The polynomial cα(x) has integer coefficients and fα,Q | cα. In some applications, we may
assume cα = fα,Q, but in general this is not the case.

Since the roots of cα(x) are the σij(α)’s, it follows that the roots of cα satisfy
Martinet’s bound. Also, the constant coefficient of cα is

∏m
i=1 σi(an) = NK/Q(an). So we

have everything we need in order to apply the method of Pohst to the polynomial cα.
If we write cα(x) =

∑nm
i=0 bix

nm−i, then we have the following constraint on b2⌈
1
2
(b2

1 − Ca1)
⌉
≤ b2 ≤

⌊
1
2
(b2

1 + Ca1)
⌋

.

This comes from the fact that |b2
1 − 2b2| = |s2| ≤ Ca1 . As shown in [3] (p.451), the Cauchy-

Schwartz inequality can be used to improve this bound, giving⌈
1
2
(b2

1 − Ca1)
⌉
≤ b2 ≤

⌊
1
2

(
nm− 2

nm
b2
1 + Ca1

)⌋
. (2.6)
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Let ti denote the Pohst bounds for cα. The analog of Theorem 2.19 gives the following
bounds on bnm−1:

−|bnmt−1| ≤ bnm−1 ≤ |bnmt−1|. (2.7)

Constraints can also be obtained for the other bi’s in an inductive manner using
Newton’s formulas. Since |sk| ≤ tk and sk = −kbk −

∑k−1
j=1 bk−jsj we get the following

bounds on bk: ⌈
−tk −

∑k−1
j=1 bk−jsj

k

⌉
≤ bk ≤

⌊
tk −

∑k−1
j=1 bk−jsj

k

⌋
. (2.8)

Since the bi’s are functions of the coefficients of fα,K , the above bounds translate
into a set of relations between the ai’s. The exact form of these relations depends on the
specific case, as seen in the following example.

Example 2.1. Suppose we are interested in decics having a quadratic subfield, so that n = 5
and m = 2. Letting a∗i = σ2(ai), we have

cα(x) = (x5 + a1x
4 + a2x

3 + a3x
2 + a4x + a5)× (x5 + a∗1x

4 + a∗2x
3 + a∗3x

2 + a∗4x + a∗5)

= x10 + (a1 + a∗1)x
9 + (a1a

∗
1 + a2 + a∗2)x

8 + (a1a
∗
2 + a∗1a2 + a3 + a∗3)x

7

+(a1a
∗
3 + a∗1a3 + a2a

∗
2 + a4 + a∗4)x

6 + (a1a
∗
4 + a∗1a4 + a2a

∗
3 + a∗2a3 + a5 + a∗5)x

5

+(a1a
∗
5 + a∗1a5 + a2a

∗
4 + a∗2a4 + a3a

∗
3)x

4 + (a2a
∗
5 + a∗2a5 + a3a

∗
4 + a∗3a4)x3

+(a3a
∗
5 + a∗3a5 + a4a

∗
4)x

2 + (a4a
∗
5 + a∗4a5)x + a5a

∗
5. (2.9)

Writing this polynomial as cα(x) =
∑10

i=0 bix
10−i, Equation 2.6 gives the following relation:⌈

1
2
((a1 + a∗1)

2 − Ca1)
⌉
≤ (a1a

∗
1 + a2 + a∗2) ≤

⌊
1
2

(
4
5
(a1 + a∗1)

2 + Ca1

)⌋
.

Likewise, Equation 2.7 gives another relation:

−|(a5a
∗
5)t−1| ≤ (a4a

∗
5 + a∗4a5) ≤ |(a5a

∗
5)t−1|.

Finally, Equation 2.8 can be used inductively to give a relation for each coefficient in the
decic of Equation 2.9.

Experience shows that incorporating these constraints into the algorithm can lead
to substantial speed improvement, sometimes an order of magnitude faster.



CHAPTER 3

COMPUTING CONGRUENCE VECTORS

An important part of any targeted search, either Hunter or Martinet, is to obtain all
possible congruences on the polynomial coefficients. The congruences for a Martinet search
are obtained in a similar fashion to those of the Hunter search; in fact, the method used
to find the Martinet congruences can be viewed as a generalization of the Hunter method.
For Martinet, the method is a little more complicated because the congruences are modulo
an ideal, whereas the Hunter congruences are modulo an integer.

As usual, we let K be a degree m field and we let L be a finite extension of K

with [L : K] = n. Let α ∈ OL\OK be the element given by Martinet’s theorem and let
fα,K(x) ∈ OK [x] be the minimal polynomial for α over K. This minimal polynomial will
also be denoted fα, where it is understood to be over K (not Q).

Recall that we wish to obtain those field extensions L/K which are unramified
outside of a finite set of primes S. Let SK denote the set of prime ideals of OK which
lie above any prime in S. The goal of this chapter is to show how to obtain all possible
congruences of fα modulo p where p ∈ SK .

We will first discuss how the problem can be reduced from the global realm to the
local realm. We then show how to obtain the congruences in the local case. Finally, we
will show how the wildly ramified case can be handled more carefully to give congruences
modulo a power of p.

3.1. The Global to Local Principle

Fix a prime ideal p ∈ SK and let p ∈ S be the prime below p. There are only a finite
number of ways in which p may ramify in L, and we need to obtain a set of congruences
for each of these ramification structures. Let us target a specific ramification structure, say
pOL = Pe1

1 · · ·Peg
g .

Let Kp be the completion of K with respect to p, and let Li be the completion of L

with respect to Pi (i = 1, . . . , g). Let OKp and OLi be the corresponding rings of integers;
and let PKp and PLi be the unique maximal ideals.

We know from algebraic number theory that fα has a factorization over Kp with g

irreducible factors, say fα = f1 · · · fg. It will be shown in the next several sections how one
may obtain congruences for each fi modulo Pk

Kp
(k ≥ 1). The following simple theorem
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shows how one may combine these individual congruences into a single congruence for fα

modulo pk.

Theorem 3.1. Suppose fα factors over Kp into irreducibles as

fα(x) = f1(x) · · · fg(x).

Also suppose that for each i, fi(x) ≡ hi(x) (mod Pk
Kp

) for some k ≥ 1 and where each
hi ∈ OK [x]. Then

fα(x) ≡ h1(x) · · ·hg(x) (mod pk).

Proof. We may write
∏

hi = xn + b1x
n−1 + · · ·+ bn−1x + bn where each bi ∈ OK . Then

fα(x) = xn + a1x
n−1 + · · ·+ an−1x + an

≡ xn + b1x
n−1 + · · ·+ bn−1x + bn (mod Pk

Kp
).

Therefore, ai − bi ∈ Pk
Kp

∩ OK = pk for every i. It follows that fα(x) ≡ h1(x) · · ·hg(x)
(mod pk).

Equipped with this theorem, we only have left to consider the local case. This will
be the subject of the remaining sections; but before that, we make some remarks. First,
if Ni is the number of congruences for fi, then the number of congruences for fα will be∏

Ni. However, this number can be reduced by keeping only those congruences whose first
coefficient is one of the allowed values as given by Theorem 2.1.

Next, the congruences modulo Pk
Kp

for k > 1 correspond to wildly ramified cases;
tamely ramified cases will always have k = 1. When at least one factor fi has a congruence
with k > 1, we increase the moduli for all factors to the maximum k. We now describe how
this is done.

Let Γ ⊆ OK be a complete set of representatives for OK/p. Then Γ is also a complete
set of representatives for OKp/PKp ; because if γi+PKp = γj+PKp then γi−γj ∈ PKp∩OK =
p which means i = j. Next, let ρ ∈ p\p2. Then ρ ∈ PKp\P2

Kp
is a uniformizer for OKp .

From algebraic number theory, we know that any B ∈ OKp may be written as a power series
in ρ with coefficients from the set Γ.

Now suppose we have a congruence modulo Pk1
Kp

which we would like to increase to

Pk2
Kp

(k2 > k1). Let B ∈ OK represent a single coefficient for this congruence. Then B will
have the form

B = b0 + b1ρ + b2ρ
2 + · · ·

≡ b0 + b1ρ + b2ρ
2 + · · ·+ bk1−1ρ

k1−1 (mod Pk1
Kp

)

≡ b0 + b1ρ + b2ρ
2 + · · ·+ bk2−1ρ

k2−1 (mod Pk2
Kp

)

where each bi ∈ Γ. So to change from modulus Pk1
Kp

to modulus Pk2
Kp

, it suffices to just
tack on a few more terms to the power series expansion. Note that increasing the modulus
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Figure 3.1: Local field diagram.
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power in this fashion will also increase the final number of congruences; however, the added
benefit of the larger modulus far outweighs the extra congruences.

As a final remark, when p is unramified at Pi (i.e. ei = 1), the corresponding factor
fi(x) will be an arbitrary degree f polynomial, where f is the residue class degree of Pi

over p. Therefore, all possible degree f congruences will be present. In other words, the set
of congruences will be {xf + γf−1x

f−1 + · · ·+ γ1x + γ0 | γj ∈ Γ}. So from here on we only
need to consider the ramified case.

3.2. Local Congruences

As shown in the previous section, the problem of finding the congruences for fα is
reduced to the local realm. As before, fix p ∈ SK and let p ∈ S be the prime below p. Let P

be a fixed prime of OL lying above p with ramification index e = e(P/p) and residue class
degree f = f(P/p). As mentioned in the previous section, it suffices to assume that e > 1.
Next, let e0 = e(p/pZ) and f0 = f(p/pZ). Let Kp be the completion of K with respect to
p, and let LP be the completion of L with respect to P. Let OKp and OLP

be the rings of
integers for Kp and LP respectively; and let PKp and PLP

be the unique maximal ideals.
The local field diagram is displayed in Figure 3.1.

Recall that fα factors over Kp into irreducibles that are in one to one correspondence
with the primes of OL lying above p. Let fP(x) denote the factor of fα corresponding to
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P. In order to use Theorem 3.1, we need to obtain congruences for fP(x) modulo a power
of PKp .

We note that LP = Kp[x]/ 〈fP〉 and that LP = Kp(η) where η is a root of fP(x).
Now since fα ∈ OKp [x] is monic and OKp is a UFD, by Gauss’ Lemma we may assume that
fP ∈ OKp [x]. Therefore, since OLP

is the integral closure of OKp , it follows that η ∈ OLP
.

3.2.1. The Totally Ramified Case. In this subsection we consider the case when
f = 1. This simplifies the analysis immensely. Since

[
OLP

/PLP
: OKp/PKp

]
= 1, we have

OLP
/PLP

∼= OKp/PKp
∼= OK/p ∼= Fpf0 .

Let Γ =
{

γ1, γ2, . . . , γpf0

}
⊆ OK be a complete set of representatives for OK/p. Then Γ is

also a complete set of representatives for OLP
/PLP

. In particular, we have

OLP
=

pf0⋃
i=1

(
γi + PLP

)
. (3.1)

Let β ∈ PLP
and let cβ(x) be the characteristic polynomial for β over Kp. Then

|βi|p = |β|p < 1 for all conjugates βi of β. Since the coefficients of the minimal polynomial
for β over Kp are symmetric polynomials in the βi’s it follows that cβ(x) ≡ xe (mod PKp).

Next, according to Equation 3.1, any element β ∈ OLP
is a translate by some γ ∈ Γ

of an element in PLP
. Therefore, cβ(x) ≡ (x + γ)e (mod PKp). In particular, fP(x)

satisfies this congruence because fP is the minimal polynomial for η ∈ OLP
. This proves

the following theorem.

Theorem 3.2. Let Γ ⊆ OK be a complete set of representatives for OK/p and suppose
LP/Kp is totally ramified with ramification index e. Then

fP(x) ≡ (x + γ)e (mod PKp)

for some γ ∈ Γ.

Note that Theorem 3.2 gives a maximum of |Γ| = pf0 different congruences for fP(x).

3.2.2. The f > 1 Case. As in the previous section, we have

OKp/PKp
∼= OK/p ∼= Fpf0 ,

and we let Γ ⊆ OK be a complete set of representatives for OK/p. Then Γ is also a
complete set of representatives for OKp/PKp . This time, OLP

/PLP
is a degree f extension

of OKp/PKp , hence
OLP

/PLP
∼= Fpf ·f0 .

From algebraic number theory, we know there exists an intermediate field E, Kp ⊆
E ⊆ LP such that LP/E is totally ramified and E/Kp is unramified. The modified local
field diagram is displayed in Figure 3.2.
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Figure 3.2: Local field diagram showing the intermediate field E.
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Now let Γ̂ ⊆ OE be a complete set of representatives for OE/PE . Then Γ̂ is also a
complete set of representatives for OLP

/PLP
. Also, since OE is the integral closure of OKp ,

any γ̂ ∈ Γ̂ has characteristic polynomial over Kp satisfying

cγ̂,Kp(x) ≡ xf + γ1x
f−1 + · · ·+ γf−1x + γf (mod PKp) (3.2)

for some γ1, . . . , γf ∈ Γ.
Before proceeding, we will need some more notation. Let σ1, . . . , σf denote the

embeddings of E (fixing Kp) into an algebraic closure of LP, and for each i let {σi1, . . . , σie}
denote the embeddings of LP extending σi. Without loss of generality, we will assume that
σ1 is the identity on E and that σ11 is the identity on LP. Since E/Kp is unramified, it is
necessarily Galois, and therefore σi(E) = E for each i. Finally, we let βij = σij(β) denote
the conjugates of any element β ∈ LP.

Any element β ∈ PLP
has characteristic polynomial over E satisfying cβ,E(x) ≡ xe

modulo PE . Now let β ∈ OLP
. Then β is a translate by some γ̂ ∈ Γ̂ of an element in PLP

.
Therefore,

cβ,E(x) ≡ (x− γ̂)e (mod PE) (3.3)

where the characteristic polynomial of γ̂ satisfies Equation 3.2.
Now write cβ,E(x) = xe + d1x

e−1 + · · · + de−1x + de, where each di ∈ OE . The
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characteristic polynomial for the conjugate βi1 is given by

cβi1,E(x) = xe + σi(d1)xe−1 + · · ·+ σi(de−1)x + σi(de)

= σi(cβ,E(x))

≡ σi([x− γ̂]e) (mod PE)

= [x− σi(γ̂)]e.

Finally, the characteristic polynomial for β over Kp is given by

cβ,Kp(x) =
f∏

i=1

e∏
j=1

[x− βij ]

=
f∏

i=1

cβi1,E(x)

≡
f∏

i=1

[x− σi(γ̂)]e (mod PE)

=

(
f∏

i=1

[x− σi(γ̂)]

)e

=
[
cγ̂,Kp(x)

]e
≡

(
xf + γ1x

f−1 + · · ·+ γf−1x + γf

)e
(mod PKp).

Note that fP(x) satisfies a congruence of this type because fP is the minimal polynomial
for η ∈ OLP

. We have proven the following theorem.

Theorem 3.3. Let Γ ⊆ OK be a complete set of representatives for OK/p, and let e, f be
the ramification index and residue class degree respectively for PLP

over PKp. Then

fP(x) ≡
(
xf + γ1x

f−1 + · · ·+ γf−1x + γf

)e
(mod PKp)

for some γ1, . . . , γf ∈ Γ.

Note that Theorem 3.3 is a generalization of Theorem 3.2. It gives a maximum of
|Γ|f = pf0f different congruences for fP(x). Since we will be interested in applications with
L no larger than degree 10 (i.e. [L : K] ≤ 5), the largest residue class degree we will see is
f = 2.

3.3. Wild Ramification

The congruences derived in the previous section still hold for the wildly ramified
case. However, when p divides e, we can improve algorithm efficiency by replacing these
congruences with new ones modulo a power of PKp . In some applications, these larger
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moduli are essential; without them, the algorithm could take months or even years to
complete.

We start by introducing the concept of the Newton-Ore exponents. This termi-
nology originated with [7]. The reason for using the name Newton-Ore is because of the
connection to both Newton polygons and Ore’s formulas for discriminants of Eisenstein
polynomials [13].

Let LP/Kp be totally ramified, let ρ be a uniformizer for Kp, and let π be a uni-
formizer for LP. Write the minimal polynomial for π over Kp as

fπ(x) = xe + a1x
e−1 + a2x

e−2 + · · ·+ ae−2x
2 + ae−1x + ae

where each ai ∈ OKp . Write ai = ρdia′i where (ρ, a′i) = 1. Since LP/Kp is totally ramified,
fπ must be Eisenstein, and therefore di ≥ 1 for all i and de = 1. Since fπ is monic, we may
also define a0 = 1 and d0 = 0.

Let D denote the exponent of PLP
in D(LP/Kp). Then

D = νπ(f ′π(π)) = νπ(eπe−1 + (e− 1)a1π
e−2 + · · ·+ 2ae−2π + ae−1). (3.4)

Since νπ(ρ) = e, we get
νπ(a) = eνρ(a) ∀a ∈ OKp .

Consequently, for 0 ≤ k ≤ e− 1, we have

νπ((e− k)akπ
e−k−1) = edk + e− (k + 1) + eνρ(e− k).

For 0 ≤ k ≤ e− 1, define

Dk = edk + e− (k + 1) + eνρ(e− k). (3.5)

One observes that the Dk’s are distinct modulo e, hence distinct in Z+. Therefore, the
valuation in Equation 3.4 is equal to the minimum of the individual valuations and we get

D = νπ(eπe−1 + (e− 1)a1π
e−2 + · · ·+ 2ae−2π + ae−1) = min

0≤i≤e−1
{Di}.

To simplify the equations to come, we make a definition. If s represents any state-
ment which can be either true or false, then we define δs to be 1 if s is true, and 0 otherwise.
For example,

δj>k =

{
1 if j > k

0 if j ≤ k
.

Suppose min0≤i≤e−1{Di} = Dk. Then from Equation 3.5, the exponent dk is forced
to be

dk =
1
e

[D − e + (k + 1)− eνρ(e− k)] .

For j 6= k and j 6= e we have Dj > Dk. Therefore,

edj + e− (j + 1) + eνρ(e− j) > edk + e− (k + 1) + eνρ(e− k).
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=⇒ edj > edk + j − k + eνρ(e− k)− eνρ(e− j)

=⇒ dj > dk +
j − k

e
+ νρ(e− k)− νρ(e− j)

Since every term in the last equation is an integer except for the (j−k)/e term, this becomes

dj ≥

{
dk + 1 + νρ(e− k)− νρ(e− j) if j > k

dk + νρ(e− k)− νρ(e− j) if j < k
, (3.6)

and since dj ≥ 1, we get

dj ≥ max{dk + δj>k + νρ(e− k)− νρ(e− j), 1}. (3.7)

Since de = 1, we see that Equation 3.7 is also valid for j = e.
Recall that we want the Newton-Ore exponents to be the smallest possible exponents.

This motivates the next definition.

Definition 3.4. If the exponent of PLP
in D(LP/Kp) is D = Dk, then the Newton-Ore

exponents (c1, . . . , ce), are defined as

1. ck = 1
e [D − e + (k + 1)− eνρ(e− k)], and

2. for 1 ≤ j ≤ e, j 6= k

cj = max{ck + δj>k + νρ(e− k)− νρ(e− j), 1}.

We say that β ∈ PLP
satisfies the Newton-Ore exponent condition if νρ(bi) ≥ ci for

every i, where the bi are the coefficients of the characteristic polynomial for β.

The above analysis implies that any uniformizer for LP satisfies the Newton-Ore
exponent condition. The next theorem says that this is also the case for any element of
PLP

. This theorem will be crucial in the analysis to come.

Theorem 3.5. Let LP/Kp be totally ramified. Then any α ∈ PLP
satisfies the Newton-Ore

exponent condition.

Proof. See Chapter 4.

To simplify the analysis, we handle each extension degree separately. But first
we define some notation that will be common among all cases. Let ρ ∈ p\p2. Then
ρ ∈ PKp\P2

Kp
, so it is a uniformizer for OKp . Next, let π ∈ PLP

\P2
LP

be a uniformizer
for LP and let d be the exponent of PLP

in D(LP/Kp) (this is what we called D above).
Finally, let Γ ⊆ OK be a complete set of representatives for OK/p. Then Γ is also a complete
set of representatives for OKp/PKp , and also for OLP

/PLP
when f = 1.

Since all applications that we will consider will have [L : K] ≤ 5, we may assume
f = 1, except for the quartic case, for which f = 2 is also a possibility.
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3.3.1. Quadratic Extensions. Here we assume e = 2 and f = 1. Also, for LP/Kp

to be wildly ramified we must assume that p = 2.
For this case we have

fπ(x) = x2 + a1x + a2 ∈ OKp [x]

and
d = νπ(f ′π(π)) = νπ(2π + a1) = min{νπ(2π), νπ(a1)}.

Since 2OKp = Pe0
Kp

and PKpOLP
= P2

LP
, it follows that 2OLP

= P2e0
LP

. Hence,
νπ(2) = 2e0 and νπ(2π) = 2e0 +1. Since a1 ∈ PKp , its valuation will be a multiple of 2. We
now have

d = min{2e0 + 1, νπ(a1)} ∈ {2, 4, 6, . . . , 2e0, 2e0 + 1}.

The form of fπ for each value of d is summarized in Table 3.1.
So fπ has the general form fπ(x) = x2 + ρkAx + ρB where 1 ≤ k ≤ e0 + 1. Note

that the Newton-Ore exponents for this case are c1 = k and c2 = 1. From Table 3.1, one
observes that k =

⌊
d+1
2

⌋
.

According to Theorem 3.5, the coefficients of the characteristic polynomial for any
β ∈ PLP

will satisfy the same divisibility conditions as the coefficients of fπ. Next, any
element β ∈ OLP

is a translate by some γ ∈ Γ of an element in PLP
. In particular,

fP(x) = (x + γ)2 + ρkA(x + γ) + ρB

≡ (x + γ)2 + ρB (mod Pk
Kp

)

for some A,B ∈ OKp and some γ ∈ Γ.
The element B ∈ OKp can be written as a power series in ρ with coefficients from

the set Γ:
B = b0 + b1ρ + b2ρ

2 + · · · (bi ∈ Γ).

Therefore,

fP(x) ≡ (x + γ)2 +
k−2∑
i=0

biρ
i+1 (mod Pk

Kp
).

We summarize this result in the next theorem.

Table 3.1: The form of fπ for quadratic extensions.

d Form of fπ(x)
2 x2 + ρAx + ρB (A,B 6∈ PKp)
4 x2 + ρ2Ax + ρB (A,B 6∈ PKp)
6 x2 + ρ3Ax + ρB (A,B 6∈ PKp)
...

...
2e0 x2 + ρe0Ax + ρB (A,B 6∈ PKp)

2e0 + 1 x2 + ρe0+1Ax + ρB (B 6∈ PKp)
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Theorem 3.6. Let e(PLP
/PKp) = 2, f(PLP

/PKp) = 1, and suppose that D(LP/Kp) =
Pd

LP
. Then

1. d ∈ {2, 4, 6, . . . , 2e0, 2e0 + 1}, and

2. fP(x) ≡ (x + γ)2 +
∑k−2

i=0 biρ
i+1 (mod Pk

Kp
) where k =

⌊
d+1
2

⌋
and γ, b0, . . . , bk−2 ∈ Γ.

(when k = 1, there are no bi’s)

3.3.2. Cubic Extensions. Here we assume e = 3 and f = 1. Also, for LP/Kp to
be wildly ramified we must assume that p = 3.

For this case we have

fπ(x) = x3 + a1x
2 + a2x + a3 ∈ OKp [x]

and
d = νπ(f ′π(π)) = νπ(3π2 + 2a1π + a2) = min{νπ(3π2), νπ(2a1π), νπ(a2)}.

Since 3OKp = Pe0
Kp

and PKpOLP
= P3

LP
, it follows that 3OLP

= P3e0
LP

. Hence,
νπ(3) = 3e0 and νπ(3π2) = 3e0 +2. Since each ai ∈ PKp , their valuations will be a multiples
of 3. Let νπ(ai) = 3ki. We now have

d = min{3e0 + 2, 3k1 + 1, 3k2} ∈ {3, 4, 6, 7, 9, 10, . . . , 3e0, 3e0 + 1, 3e0 + 2}.

The form of fπ for each value of d is summarized in Table 3.2.
So fπ has the general form

fπ(x) = x3 + ρk1Ax2 + ρk2Bx + ρC

where 1 ≤ ki ≤ e0 + 1. Note that the Newton-Ore exponents for this case are (k1, k2, 1).
From Table 3.2, one observes that k1 =

⌊
d+1
3

⌋
and k2 =

⌊
d+2
3

⌋
. We observe that k2 ≥ k1,

so the best congruences will be modulo Pk2
Kp

.

Table 3.2: The form of fπ for cubic extensions.

d Form of fπ(x)
3 x3 + ρAx2 + ρBx + ρC (B,C 6∈ PKp)
4 x3 + ρAx2 + ρ2Bx + ρC (A,C 6∈ PKp)
6 x3 + ρ2Ax2 + ρ2Bx + ρC (B,C 6∈ PKp)
7 x3 + ρ2Ax2 + ρ3Bx + ρC (A,C 6∈ PKp)
...

...
3e0 x3 + ρe0Ax2 + ρe0Bx + ρC (B,C 6∈ PKp)

3e0 + 1 x3 + ρe0Ax2 + ρe0+1Bx + ρC (A,C 6∈ PKp)
3e0 + 2 x3 + ρe0+1Ax2 + ρe0+1Bx + ρC (C 6∈ PKp)
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According to Theorem 3.5, the coefficients of the characteristic polynomial for any
β ∈ PLP

will satisfy the same divisibility conditions as the coefficients of fπ. Next, any
element β ∈ OLP

is a translate by some γ ∈ Γ of an element in PLP
. In particular,

fP(x) = (x + γ)3 + ρk1A(x + γ)2 + ρk2B(x + γ) + ρC

≡ (x + γ)3 + ρk1A(x + γ)2 + ρC (mod Pk2
Kp

)

for some A,B, C ∈ OKp and some γ ∈ Γ.
The elements A and C can each be written as a power series in ρ with coefficients

from the set Γ:
A = a0 + a1ρ + a2ρ

2 + · · · (ai ∈ Γ).

C = c0 + c1ρ + c2ρ
2 + · · · (ci ∈ Γ).

Therefore,

fP(x) ≡ (x + γ)3 +

(
k2−k1−1∑

i=0

aiρ
k1+i

)
(x + γ)2 +

k2−2∑
i=0

ciρ
i+1 (mod Pk2

Kp
).

We adopt the convention that when the lower limit of a summation exceeds the upper limit,
then the sum is nonexistent. In summary, we have the following theorem.

Theorem 3.7. Let e(PLP
/PKp) = 3, f(PLP

/PKp) = 1, and suppose that D(LP/Kp) =
Pd

LP
. Then d ∈ {3, 4, 6, 7, 9, 10, . . . , 3e0, 3e0 + 1, 3e0 + 2}, and

fP(x) ≡ (x + γ)3 +

(
k2−k1−1∑

i=0

aiρ
k1+i

)
(x + γ)2 +

k2−2∑
i=0

ciρ
i+1 (mod Pk2

Kp
)

where k1 =
⌊

d+1
3

⌋
, k2 =

⌊
d+2
3

⌋
, and γ, ai, ci ∈ Γ.

Regarding Theorem 3.7, if d 6≡ 1 (mod 3) then k1 = k2 and all ai’s are zero. When
d ≡ 1 (mod 3), then k2 = k1 + 1 and the middle term reduces to a0ρ

k2−1(x + γ)2.

3.3.3. Quartic Extensions with f = 1. Here we assume e = 4 and f = 1. Also,
for LP/Kp to be wildly ramified we must assume that p = 2.

For this case we have

fπ(x) = x4 + a1x
3 + a2x

2 + a3x + a4 ∈ OKp [x]

and

d = νπ(f ′π(π)) = νπ(4π3 + 3a1π
2 + 2a2π + a3)

= min{νπ(4π3), νπ(3a1π
2), νπ(2a2π), νπ(a3)}.
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Since 2OKp = Pe0
Kp

and PKpOLP
= P4

LP
, it follows that 2OLP

= P4e0
LP

. Hence,
νπ(2) = 4e0, νπ(2π) = 4e0 +1, and νπ(4π3) = 8e0 +3. Since each ai ∈ PKp , their valuations
will be multiples of 4. Let νπ(ai) = 4ki. We now have

d = min{8e0 + 3, 4k1 + 2, 4k2 + 4e0 + 1, 4k3}
∈ {4, 6, 8, . . . , 8e0 + 2} ∪ {4e0 + 5, 4e0 + 9, . . . , 8e0 + 1} ∪ {8e0 + 3}.

Since we are only interested in cases having [L : Q] ≤ 10, we only need to consider e0 ≤ 2.
The form of fπ for these values of e0 is summarized in Tables 3.3 and 3.4.

So fπ has the general form

fπ(x) = x4 + ρk1Ax3 + ρk2Bx2 + ρk3Cx + ρD.

For this case, the Newton-Ore exponents are (k1, k2, k3, 1). Its not too hard to show that
k1 =

⌊
d+1
4

⌋
, k3 =

⌊
d+3
4

⌋
, and

k2 =

{
1 if d ≤ 4e0 + 5⌊

d+2
4

⌋
− e0 if d > 4e0 + 5

These expressions are valid for all e0. Also, observe that k3 ≥ ki for all i, so the best
congruences will be modulo Pk3

Kp
.

According to Theorem 3.5, the coefficients of the characteristic polynomial for any
β ∈ PLP

will satisfy the same divisibility conditions as the coefficients of fπ. Next, any
element β ∈ OLP

is a translate by some γ ∈ Γ of an element in PLP
. In particular,

fP(x) = (x + γ)4 + ρk1A(x + γ)3 + ρk2B(x + γ)2 + ρk3C(x + γ) + ρD

≡ (x + γ)4 + ρk1A(x + γ)3 + ρk2B(x + γ)2 + ρD (mod Pk3
Kp

)

for some A,B, C, D ∈ OKp and some γ ∈ Γ.
The elements A, B, and D can each be written as a power series in ρ with coefficients

from the set Γ:
A = a0 + a1ρ + a2ρ

2 + · · · (ai ∈ Γ).

Table 3.3: The form of fπ for quartic extensions when e0 = 1.

d Form of fπ(x)
4 x4 + ρAx3 + ρBx2 + ρCx + ρD (C,D 6∈ PKp)
6 x4 + ρAx3 + ρBx2 + ρ2Cx + ρD (A,D 6∈ PKp)
8 x4 + ρ2Ax3 + ρBx2 + ρ2Cx + ρD (C,D 6∈ PKp)
9 x4 + ρ2Ax3 + ρBx2 + ρ3Cx + ρD (B,D 6∈ PKp)
10 x4 + ρ2Ax3 + ρ2Bx2 + ρ3Cx + ρD (A,D 6∈ PKp)
11 x4 + ρ3Ax3 + ρ2Bx2 + ρ3Cx + ρD (D 6∈ PKp)
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Table 3.4: The form of fπ for quartic extensions when e0 = 2.

d Form of fπ(x)
4 x4 + ρAx3 + ρBx2 + ρCx + ρD (C,D 6∈ PKp)
6 x4 + ρAx3 + ρBx2 + ρ2Cx + ρD (A,D 6∈ PKp)
8 x4 + ρ2Ax3 + ρBx2 + ρ2Cx + ρD (C,D 6∈ PKp)
10 x4 + ρ2Ax3 + ρBx2 + ρ3Cx + ρD (A,D 6∈ PKp)
12 x4 + ρ3Ax3 + ρBx2 + ρ3Cx + ρD (C,D 6∈ PKp)
13 x4 + ρ3Ax3 + ρBx2 + ρ4Cx + ρD (B,D 6∈ PKp)
14 x4 + ρ3Ax3 + ρ2Bx2 + ρ4Cx + ρD (A,D 6∈ PKp)
16 x4 + ρ4Ax3 + ρ2Bx2 + ρ4Cx + ρD (C,D 6∈ PKp)
17 x4 + ρ4Ax3 + ρ2Bx2 + ρ5Cx + ρD (B,D 6∈ PKp)
18 x4 + ρ4Ax3 + ρ3Bx2 + ρ5Cx + ρD (A,D 6∈ PKp)
19 x4 + ρ5Ax3 + ρ3Bx2 + ρ5Cx + ρD (D 6∈ PKp)

B = b0 + b1ρ + b2ρ
2 + · · · (bi ∈ Γ).

D = d0 + d1ρ + d2ρ
2 + · · · (di ∈ Γ).

Therefore,

fP(x) ≡ (x + γ)4 +

(
k3−k1−1∑

i=0

aiρ
k1+i

)
(x + γ)3

+

(
k3−k2−1∑

i=0

biρ
k2+i

)
(x + γ)2 +

k3−2∑
i=0

diρ
i+1 (mod Pk3

Kp
).

Again, we use the convention that when the lower limit of a summation exceeds the upper
limit, then the sum is zero. In summary, we have the following theorem

Theorem 3.8. Let e(PLP
/PKp) = 4, f(PLP

/PKp) = 1, and suppose that D(LP/Kp) =
Pd

LP
. Then

d ∈ {4, 6, 8, . . . , 8e0 + 2} ∪ {4e0 + 5, 4e0 + 9, . . . , 8e0 + 1} ∪ {8e0 + 3}

and

fP(x) ≡ (x + γ)4 +

(
k3−k1−1∑

i=0

aiρ
k1+i

)
(x + γ)3

+

(
k3−k2−1∑

i=0

biρ
k2+i

)
(x + γ)2 +

k3−2∑
i=0

diρ
i+1 (mod Pk3

Kp
)

where γ, ai, bi, di ∈ Γ; k1 =
⌊

d+1
4

⌋
, k3 =

⌊
d+3
4

⌋
, and

k2 =

{
1 if d ≤ 4e0 + 5⌊

d+2
4

⌋
− e0 if d > 4e0 + 5

.
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3.3.4. Quartic Extensions with e = f = 2. Here we assume e = 2 and f = 2.
Also, for LP/Kp to be wildly ramified we must assume that p = 2.

As in section 3.2.2, we let E be the intermediate field between Kp and LP such that
LP/E is totally ramified and E/Kp is unramified. Also, we let Γ̂ ⊆ OE be a complete set of
representatives for OE/PE . Then Γ̂ is also a complete set of representatives for OLP

/PLP
.

Since [E : Kp] = f = 2, there are 2 embeddings of E fixing Kp, which we denote
σ1 = 1 and σ2. Since E/Kp is necessarily Galois, σ2(E) = E. We denote the conjugate for
any β ∈ E by β∗ = σ2(β).

Since Theorem 3.5 only applies to totally ramified extensions, we must consider the
minimal polynomial for π over E:

fπ(x) = x2 + a1x + a2 ∈ OE [x].

Recall that d represents the exponent of PLP
in D(LP/Kp). Since E/Kp is unramified, d

is also the exponent of PLP
in D(LP/E). Therefore,

d = νπ(f ′π(π)) = νπ(2π + a1) = min{νπ(2π), νπ(a1)}.

As in the f = 1 case, we get νπ(2π) = 2e0 + 1 and νπ(a1) = 2k for some k ≥ 1. The
possible values for d and the corresponding polynomial fπ(x) are the same as they were in
the f = 1 case, so Table 3.1 still applies. The only difference is that fπ is defined over OE

instead of OKp , and we replace ρ with ρE , where ρE is a uniformizer for E. So fπ has the
general form

fπ(x) = x2 + ρk
EAx + ρEB

where k =
⌊

d+1
2

⌋
and A,B ∈ OE .

According to Theorem 3.5, the coefficients of the characteristic polynomial for any
β ∈ PLP

will satisfy the same divisibility conditions as the coefficients of fπ; and, any
element β ∈ OLP

is a translate by some γ̂ ∈ Γ̂ of an element in PLP
. In particular,

cβ,E(x) = (x− γ̂)2 + ρk
EA(x− γ̂) + ρEB

≡ (x− γ̂)2 + ρEB (mod Pk
E)

for some A,B ∈ OE and some γ̂ ∈ Γ̂. The characteristic polynomial for β∗ is given by

cβ∗,E(x) = σ2(cβ,E(x))

≡ (x− γ̂∗)2 + ρ∗EB∗ (mod Pk
E).

Therefore, the characteristic polynomial over Kp is

cβ,Kp(x) ≡
[
(x− γ̂)2 + ρEB

] [
(x− γ̂∗)2 + ρ∗EB∗] (mod Pk

E)

= [(x− γ̂)(x− γ̂∗)]2 + ρEB(x− γ̂∗)2 + ρ∗EB∗(x− γ̂)2

+ρEρ∗EBB∗

= [(x− γ̂)(x− γ̂∗)]2 + (ρEB + ρ∗EB∗)x2 − 2(ρEBγ̂∗ + ρ∗EB∗γ̂)x

+
(
ρEB(γ̂∗)2 + ρ∗EB∗γ̂2 + ρEρ∗EBB∗) . (3.8)
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Since all coefficients in Equation 3.8 are in OKp , this congruence can be viewed modulo Pk
Kp

.
Also, since 2OKp = Pe0

Kp
, we observe that 2(ρEBγ̂∗ + ρ∗EB∗γ̂) ∈ Pe0+1

Kp
, and since k ≤ e0 + 1

this term is zero modulo Pk
Kp

. Similarly, one observes that the x2 and constant terms are
congruent to zero modulo PKp . Putting all these ideas together, we may write

cβ,Kp(x) ≡ [(x− γ̂)(x− γ̂∗)]2 + A′x2 + B′ (mod Pk
Kp

)

= [(x2 − (γ̂ + γ̂∗)x + γ̂γ̂∗)]2 + A′x2 + B′ (3.9)

where

A′ =


0 if k = 1

k−2∑
i=0

aiρ
i+1 if k > 1

(3.10)

B′ =


0 if k = 1

k−2∑
i=0

biρ
i+1 if k > 1

(3.11)

and ai, bi ∈ Γ.
All we have left is to write γ̂ in terms of elements from Γ. To do this, we first need

an expression for Γ̂ in terms of Γ.
Since OE/PE

∼= Fp2f0 is a quadratic extension of OKp/PKp
∼= Fpf0 , and there is

precisely one finite field (up to isomorphism) of order p2f0 , any irreducible quadratic over
Fpf0 will generate Fp2f0 . So let fη(x) be an irreducible quadratic over OKp/PKp with root
η, say

fη(x) = x2 + (d1 + PKp)x + (d0 + PKp)

where d0, d1 ∈ OKp . Without loss of generality, we may assume d0, d1 ∈ Γ (since Γ is a
complete set of representatives for OKp/PKp). For example, when f0 = 1, Γ = {0, 1} and
we may take d0 = d1 = 1 because x2 + x + 1 is irreducible over F2.

Now let η be any element of OE such that η = η +PE . Then fη(x) = x2 + d1x + d0

is irreducible over OKp , because if it were reducible this would contradict the irreducibility
of fη. It follows that E = Kp(η).

Next, since OE/PE = OKp/PKp(η), any λ ∈ OE/PE may be written λ0 + λ1η for
some λ0, λ1 ∈ OKp/PKp . Then λi ≡ γi modulo PKp for some γi ∈ Γ. So we may take

Γ̂ = {γ0 + γ1η | γ0, γ1 ∈ Γ} (3.12)

as our complete set of representatives for OE/PE .
We now return to our analysis of Equation 3.9. First note that

fη(x) = x2 − (η + η∗)x + ηη∗ = x2 + d1x + d0

so that η + η∗ = −d1 and ηη∗ = d0. Now from Equation 3.12, we may write γ̂ = γ0 + γ1η

for some γ0, γ1 ∈ Γ. Therefore,

γ̂ + γ̂∗ = 2γ0 + γ1(η + η∗) = 2γ0 − d1γ1
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γ̂γ̂∗ = (γ0 + γ1η)(γ0 + γ1η
∗)

= γ2
0 + γ0γ1(η + η∗) + γ2

1ηη∗

= γ2
0 − d1γ0γ1 + d0γ

2
1 .

We have proven the following theorem.

Theorem 3.9. Let e(PLP
/PKp) = 2, f(PLP

/PKp) = 2, and suppose that D(LP/Kp) =
Pd

LP
. Furthermore, choose d0, d1 ∈ Γ so that x2 + d1x + d0 is irreducible over OK/p. Then

d ∈ {2, 4, 6, . . . , 2e0, 2e0 + 1}, and

fP(x) ≡
[
x2 + (2γ0 − d1γ1)x + (γ2

0 − d1γ0γ1 + d0γ
2
1)
]2

+A′x2 + B′ (mod Pk
Kp

)

where γ0, γ1 ∈ Γ; A′ and B′ are given by Equations 3.10 and 3.11 respectively; and k =⌊
d+1
2

⌋
.

3.3.5. Quintic Extensions. Here we assume e = 5 and f = 1. Also, for LP/Kp

to be wildly ramified we must assume that p = 5.
For this case we have

fπ(x) = x5 + a1x
4 + a2x

3 + a3x
2 + a4x + a5 ∈ OKp [x]

and

d = νπ(f ′π(π))

= νπ(5π4 + 4a1π
3 + 3a2π

2 + 2a3π + a4)

= min{νπ(5π4), νπ(4a1π
3), νπ(3a2π

2), νπ(2a3π), νπ(a4)}.

Since 5OKp = Pe0
Kp

and PKpOLP
= P5

LP
, it follows that 5OLP

= P5e0
LP

. Hence,
νπ(5) = 5e0 and νπ(5π4) = 5e0 +4. Since each ai ∈ PKp , their valuations will be a multiples
of 5. Let νπ(ai) = 5ki. We now have

d = min{5e0 + 4, 5k1 + 3, 5k2 + 2, 5k3 + 1, 5k4}
∈ {5, 6, 7, . . . , 5e0 + 4}\{9, 14, . . . , 5e0 − 1}.

Since we are only interested in cases having [L : Q] ≤ 10, we only need to consider e0 ≤ 2.
The form of fπ for these values of e0 is summarized in Tables 3.5 and 3.6.

So fπ has the general form

fπ(x) = x5 + ρk1Ax4 + ρk2Bx3 + ρk3Cx2 + ρk4Dx + ρE.

The corresponding Newton-Ore exponents are (k1, k2, k3, k4, 1). One can easily show that
k1 =

⌊
d+1
5

⌋
, k2 =

⌊
d+2
5

⌋
, k3 =

⌊
d+3
5

⌋
, and k4 =

⌊
d+4
5

⌋
. Observe that k4 ≥ ki for all i, so the

best congruences will be modulo Pk4
Kp

. Also note that k4 − ki ∈ {0, 1} for each i.
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Table 3.5: The form of fπ for quintic extensions when e0 = 1.

d Form of fπ(x)
5 x5 + ρAx4 + ρBx3 + ρCx2 + ρDx + ρE (D,E 6∈ PKp)
6 x5 + ρAx4 + ρBx3 + ρCx2 + ρ2Dx + ρE (C,E 6∈ PKp)
7 x5 + ρAx4 + ρBx3 + ρ2Cx2 + ρ2Dx + ρE (B,E 6∈ PKp)
8 x5 + ρAx4 + ρ2Bx3 + ρ2Cx2 + ρ2Dx + ρE (A,E 6∈ PKp)
9 x5 + ρ2Ax4 + ρ2Bx3 + ρ2Cx2 + ρ2Dx + ρE (E 6∈ PKp)

Table 3.6: The form of fπ for quintic extensions when e0 = 2.

d Form of fπ(x)
5 x5 + ρAx4 + ρBx3 + ρCx2 + ρDx + ρE (D,E 6∈ PKp)
6 x5 + ρAx4 + ρBx3 + ρCx2 + ρ2Dx + ρE (C,E 6∈ PKp)
7 x5 + ρAx4 + ρBx3 + ρ2Cx2 + ρ2Dx + ρE (B,E 6∈ PKp)
8 x5 + ρAx4 + ρ2Bx3 + ρ2Cx2 + ρ2Dx + ρE (A,E 6∈ PKp)
10 x5 + ρ2Ax4 + ρ2Bx3 + ρ2Cx2 + ρ2Dx + ρE (D,E 6∈ PKp)
11 x5 + ρ2Ax4 + ρ2Bx3 + ρ2Cx2 + ρ3Dx + ρE (C,E 6∈ PKp)
12 x5 + ρ2Ax4 + ρ2Bx3 + ρ3Cx2 + ρ3Dx + ρE (B,E 6∈ PKp)
13 x5 + ρ2Ax4 + ρ3Bx3 + ρ3Cx2 + ρ3Dx + ρE (A,E 6∈ PKp)
14 x5 + ρ3Ax4 + ρ3Bx3 + ρ3Cx2 + ρ3Dx + ρE (E 6∈ PKp)

According to Theorem 3.5, the coefficients of the characteristic polynomial for any
β ∈ PLP

will satisfy the same divisibility conditions as the coefficients of fπ. Next, any
element β ∈ OLP

is a translate by some γ ∈ Γ of an element in PLP
. In particular,

fP(x) = (x + γ)5 + ρk1A(x + γ)4 + ρk2B(x + γ)3 + ρk3C(x + γ)2

+ρk4E(x + γ) + ρD

≡ (x + γ)5 + ρk1A(x + γ)4 + ρk2B(x + γ)3 + ρk3C(x + γ)2

+ρD (mod Pk4
Kp

)

for some A,B, C, D, E ∈ OKp and some γ ∈ Γ.
The elements A, B, C, and D can each be written as a power series in ρ with

coefficients from the set Γ:

A = a0 + a1ρ + a2ρ
2 + · · · (ai ∈ Γ).

B = b0 + b1ρ + b2ρ
2 + · · · (bi ∈ Γ).

C = c0 + c1ρ + c2ρ
2 + · · · (ci ∈ Γ).

D = d0 + d1ρ + d2ρ
2 + · · · (di ∈ Γ).
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Therefore,

fP(x) ≡ (x + γ)5 + A′(x + γ)4 + B′(x + γ)3 + C ′(x + γ)2 + D′ (mod Pk4
Kp

)

where

A′ =

{
0 if k1 = k4

a0ρ
k1 if k1 = k4 − 1

(3.13)

B′ =

{
0 if k2 = k4

b0ρ
k2 if k2 = k4 − 1

(3.14)

C ′ =

{
0 if k3 = k4

c0ρ
k3 if k3 = k4 − 1

(3.15)

D′ =


0 if k4 = 1

k4−2∑
i=0

diρ
i+1 if k4 > 1

(3.16)

We have proven the following theorem:

Theorem 3.10. Let e(PLP
/PKp) = 5, f(PLP

/PKp) = 1, and suppose that D(LP/Kp) =
Pd

LP
. Then

d ∈ {5, 6, 7, . . . , 5e0 + 4}\{9, 14, . . . , 5e0 − 1}

and

fP(x) ≡ (x + γ)5 + A′(x + γ)4 + B′(x + γ)3 + C ′(x + γ)2 + D′ (mod Pk4
Kp

)

where γ ∈ Γ; A′, B′, C ′, and D′ are given by Equations 3.13, 3.14, 3.15, and 3.16 respec-
tively; and for 1 ≤ i ≤ 4, ki =

⌊
d+i
5

⌋
.



CHAPTER 4

PROOF OF THEOREM 3.5

The goal of this chapter is to provide a proof of Theorem 3.5, which we restate here
for convenience:

Theorem 3.5. Let L/K be a totally ramified extension of local fields. Then any α ∈ PL

satisfies the Newton-Ore exponent condition.

We will provide 2 proofs of this theorem.

4.1. The First Proof

The general idea of this proof is to consider α = π(a + πβ) where π is a uniformizer
for L, β ∈ OL is fixed, and a ∈ OK . The coefficients of cα(x) are polynomials in a. We let
gi(x) denote the polynomial for the ith coefficient. If a is relatively prime to ρ (where ρ is
a uniformizer for K), then α is a uniformizer for L, and hence α satisfies the Newton-Ore
exponent condition. Given a sufficient number of elements ak satisfying (ak, ρ) = 1 and
(ak − aj , ρ) = 1 (for k 6= j), one shows that the content of gi(x) contains the appropriate
power of ρ, which proves the theorem. To ensure there are a sufficient number of elements
ak satisfying the above conditions, we form an unramified extension K ′ of K and then
consider L′/K ′ where L′ = LK ′. We will now give the details of the proof.

Proof. Let e = [L : K], let π be a uniformizer for L, and let ρ be a uniformizer for K.
Fix β ∈ OL and let a ∈ OK . Let α = π(a + πβ) and let cα,K(x) denote the characteristic
polynomial for α over K. We need to show that α satisfies the Newton-Ore exponent
condition.

The first step is to show that the coefficients of cα,K(x) are polynomials in a. Since
L/K is totally ramified, OL = OK [π] and hence β is a polynomial in π, say β = b(π) where
b ∈ OK [x]. Consider the resultant

Ry(fπ(y), x− y(z + yb(y)) def= r(z, x).

Since the resultant is the determinant of a Sylvester matrix, and the elements of this matrix
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are in OK [z][x], it follows that r(z, x) ∈ OK [z][x] (See [2], Section 3.3.2). Also,

r(a, x) = Ry(fπ(y), x− y(a + yb(y))

=
e∏

i=1

[x− πi(a + πib(πi))]

=
e∏

i=1

(x− αi)

= cα,K(x),

and therefore the coefficients of cα,K(x) are polynomials in a.
Now let f ∈ Z+ be arbitrary (we will choose its value later) and let K ′ be the unique

unramified extension of K of degree f . Let L′ = LK ′ be the compositum of L with K ′.
Observe that L′/L is unramified of degree f and L′/K ′ is totally ramified of degree e. The
situation is depicted in Figure 4.1. Since L′/L is unramified, π is a uniformizer for L′ and
L′ = K ′(π).

Since L′ = K ′(π), the exact same resultant argument as above shows that

cα,K′(x) = r(a, x) = cα,K(x).

Therefore, it suffices to prove Theorem 3.5 for L′/K ′. Note that we may now take a to be
in OK′ .

Based on what we showed above, we may write

cα,K′(x) =
e∑

i=0

gi(a)xe−i

where gi(x) ∈ OK [x]. One may also show that deg(gi) = i. For example,

g1(a) =
e∑

i=1

αi = a

e∑
i=1

πi +
e∑

i=1

π2
i βi

Figure 4.1: Field diagram for proof 1.
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and

g2(a) =
∑
i<j

αiαj

=
∑
i<j

πi(a + πiβi)πj(a + πjβj)

= a2

∑
i<j

πiπj

+ a

∑
i<j

πiπj(πiβi + πjβj)

+
∑
i<j

π2
i π

2
j βiβj .

Note that OK′/PK′ ∼= Fpf ·f0 where f0 is the residue class degree for K/Qp. Let
n = pf ·f0 − 1 and let a1, . . . , an ∈ OK′ be representatives from the non-zero cosets of PK′

(i.e. ai 6≡ aj modulo PK′ for i 6= j). If ρ | ai then ai ∈ ρOK′ = PK′ , a contradiction.
Therefore, each ai is relatively prime to ρ.

Now consider gk(x) for 1 ≤ k ≤ e, which we may write in the form:

gk(x) = γkx
k + γk−1x

k−1 + · · ·+ γ1x + γ0

where each γi ∈ OK . Since ai is relatively prime to ρ, α = π(ai +πβ) is another uniformizer
for L′, and so the coefficients for cα,K′(x) will satisfy the minimal divisibility conditions. In
other words,

ρck | gk(ai) (1 ≤ i ≤ n) (4.1)

where ck denotes the Newton-Ore exponent for the kth coefficient. We need to show that
ρck | gk(a) for every a ∈ OK′ .

Since f was arbitrary, we can choose it so that n ≥ e + 1 ≥ k + 1. Equation 4.1 can
be used to give the following k + 1 equations, written in matrix form:

1 a1 a2
1 · · · ak

1

1 a2 a2
2 · · · ak

2
...

...
...

...
1 ak+1 a2

k+1 · · · ak
k+1




γ0

γ1

...
γk

 = ρck


λ0

λ1

...
λk


for some λ0, λ1, . . . , λk ∈ OK′ . Then ~γ = ρckV −1~λ where V is the Vandermonde matrix for
a1, . . . , ak+1. The denominator of V −1 will be

det(V ) =
∏
i<j

(ai − aj)2.

If ρ | (ai − aj) (i 6= j) then ai − aj ∈ ρOK′ = PK′ , contradicting the fact that each ai is
in a distinct coset. Therefore, V −1 will have no factors of ρ in its denominator, and hence
ρck | γi for each i. It follows that ρck | gk(x), completing the proof.
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4.2. The Second Proof

The second proof is more of a brute force method. The general idea is to use
Waring’s formula to give an equation relating the kth coefficient to the kth power sum
and the previous coefficients. One then proceeds by applying valuations to this equation.
Although the idea is simple in principle, it does require the development of some machinery.

The discussion is divided into 3 parts. The first part deals with some general purpose
results which are applicable across many branches of mathematics. The second part derives
some properties of the Newton-Ore exponents. Finally, the third part proves Theorem 3.5
by combining the results of the first two parts.

4.2.1. General Purpose Results. We start with Waring’s formula. Let f(x) =
xn + a1x

n−1 + · · ·+ an−1x + an with roots αi, and define the power sums to be sk =
∑

i α
k
i .

Theorem 4.1 (Waring). Let k ∈ {1, 2, . . . , n} and define

Jk =

{
(j1, . . . , jk)

k∑
i=1

iji = k and ji ≥ 0 ∀i

}
.

Then

sk =
∑
~j∈Jk

(−1)j2+j4+j6+···

(∑k
i=1 ji − 1

)
! k∏k

i=1(ji!)
aj1

1 aj2
2 · · · ajk

k .

A proof of Theorem 4.1 can be found in [11]. We will also need the following two
variations of Theorem 4.1.

Theorem 4.2. Let k ∈ {1, 2, . . . , n}. Then

sk = (−1)k+1kak +
∑
~j∈J ′

k

(±1)

(∑k−1
i=1 ji − 1

)
! k∏k−1

i=1 (ji!)
aj1

1 aj2
2 · · · ajk−1

k−1

where J ′
k = Jk\{(0, . . . , 0, 1)}.

Theorem 4.3. Let k ≥ 1 and define

J ′′
k =

{
(j1, . . . , jn)

n∑
i=1

iji = k and ji ≥ 0 ∀i

}
.

Then

sk =
∑

~j∈J ′′
k

(−1)j2+j4+j6+··· (
∑n

i=1 ji − 1)! k∏n
i=1(ji!)

aj1
1 aj2

2 · · · ajn
n .

Proof. When k ≤ n then ji = 0 for i > k, so this result is the same as Theorem 4.1. So
we may assume k > n. Consider the polynomial g(x) = xk−nf(x). Since g(x) has the same
roots as f(x) but also has 0 as a root with multiplicity k−n, it follows that the power sums
for g and f are identical. Also, the coefficients for g are (a1, . . . , an, 0, . . . , 0). Applying
Theorem 4.1 to g gives the desired equation.
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The next result we will need is a generalization of the binomial theorem, called the
multinomial theorem. We provide a proof for the convenience of the reader.

Theorem 4.4 (Multinomial Theorem). Let k, n ≥ 1 and define

Jn,k =

{
(j1, . . . , jn)

n∑
i=1

ji = k and ji ≥ 0 ∀i

}
.

For any x1, . . . , xn we have

(x1 + x2 + · · ·+ xn)k =
∑

~j∈Jn,k

k!∏n
i=1(ji!)

xj1
1 xj2

2 · · ·xjn
n .

Proof. This is easily proved using the binomial theorem and induction on n. It is trivially
true when n = 1, and when n = 2 it reduces to the binomial theorem. Now let n > 2 and
suppose it is true for n− 1. Using the binomial theorem, we get

(x1 + x2 + · · ·+ xn)k = [(x1 + x2 + · · ·+ xn−1) + xn]k

=
k∑

jn=0

(
k

jn

)
(x1 + x2 + · · ·+ xn−1)k−jnxjn

n .

(4.2)

Next, by the induction hypothesis,

(x1 + x2 + · · ·+ xn−1)k−jn =
∑

~j∈Jn−1,k−jn

(k − jn)!∏n−1
i=1 (ji!)

xj1
1 xj2

2 · · ·xjn−1

n−1 .

When ~j = (j1, . . . , jn−1) ∈ Jn−1,k−jn we get
∑n

i=1 ji = k, and therefore∑k
jn=0

∑
~j∈Jn−1,k−jn

=
∑

~j∈Jn,k
. Equation 4.2 then becomes

(x1 + x2 + · · ·+ xn)k =
k∑

jn=0

∑
~j∈Jn−1,k−jn

(
k

jn

)
(k − jn)!∏n−1

i=1 (ji!)
xj1

1 xj2
2 · · ·xjn

n

=
∑

~j∈Jn,k

k!∏n
i=1(ji!)

xj1
1 xj2

2 · · ·xjn
n .

The final results for this section are some identities related to valuations of factorials.

Lemma 4.5. Let p ∈ Z be prime. If i + j = k where i, j ≥ 0 then

νp(k!) ≥ νp(i!) + νp(j!).
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Proof. We use induction on k. The result is clearly true when k = 1. Fix k > 1 and suppose
the theorem is true for k − 1. Let i, j ≥ 0 be arbitrary but such that i + j = k. If either i

or j is zero then the result is trivial, so we may assume both are non-zero. Without loss of
generality, suppose νp(i) ≤ νp(j). Then

νp(k) ≥ min{νp(i), νp(j)} = νp(i).

Writing (i− 1) + j = k − 1, the induction hypothesis gives

νp((k − 1)!) ≥ νp((i− 1)!) + νp(j!).

Finally,

νp(k!) = νp(k) + νp((k − 1)!)

≥ νp(k) + νp((i− 1)!) + νp(j!)

= νp(i!) + νp(j!) + [νp(k)− νp(i)]

≥ νp(i!) + νp(j!).

Lemma 4.6. Let p ∈ Z be prime. If
∑n

i=1 ji = k where each ji ≥ 0 then

νp(k!) ≥
n∑

i=1

νp(ji!).

Proof. This is easily proved by repeated use of Lemma 4.5:

νp(k!) ≥ νp(j1!) + νp((j2 + · · ·+ jn)!)

≥ νp(j1!) + νp(j2!) + νp((j3 + · · ·+ jn)!)
...

≥
n∑

i=1

νp(ji!).

The next lemma is an improvement over Lemma 4.6. This lemma is not necessary for
proving Theorem 3.5, but for the sake of completeness we include it. The proof is omitted,
but is not hard.

Lemma 4.7. Let p ∈ Z be prime. If
∑n

i=1 ji = k where each ji ≥ 0 then

νp(k!) ≥
n∑

i=1

νp(ji!) +
(

νp(k)−min
i
{νp(ji)}

)
.
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4.2.2. Properties of the Newton-Ore Exponents. Let L/K be a finite exten-
sion of local fields. Also, we assume L/K is totally ramified with ramification index e. As
usual, we let OK ,OL denote the rings of integers, and we let PL,PK denote the unique
maximal ideals.

Throughout this section and the next we will let c1, . . . , ce denote the Newton-Ore
exponents. In this section we will derive some relationships between the ci’s.

Let π be a uniformizer for OL and let ρ be a uniformizer for OK . Write the minimal
polynomial for π as

fπ(x) = xe + a1x
e−1 + a2x

e−2 + · · ·+ ae−2x
2 + ae−1x + ae

where each ai ∈ OK . Let di = νρ(ai). Let D denote the exponent of PL in D(L/K). As
shown in section 3.3, D = min0≤i≤e−1{Di} where

Di = edi + e− (k + 1) + eνρ(e− k).

We are now ready to state our first result.

Lemma 4.8. If min
0≤i≤e−1

{Di} = Dk then

ck + νρ(e− k) ≤ νρ(e).

Proof. Since c0 is defined to be 0, this is clearly true when k = 0. When k 6= 0, we have
Dk < D0 and therefore

edk + e− (k + 1) + eνρ(e− k) < ed0 + e− 1 + eνρ(e).

=⇒ edk + eνρ(e− k) < k + eνρ(e)

=⇒ dk + νρ(e− k) <
k

e
+ νρ(e) ≤ νρ(e)

Finally, Definition 3.4 implies that ck = dk, completing the proof.

Lemma 4.9. Let j > 0. If νρ(e− j) ≥ νρ(e) then min
0≤i≤e−1

{Di} 6= Dj and cj = 1.

Proof. From Lemma 4.8 we see that Dj cannot be the minimum. Suppose that Dk is the
minimum. Then Lemma 4.8 gives ck + νρ(e− k) ≤ νρ(e) ≤ νρ(e− j). This implies that

ck + δj>k + νρ(e− k)− νρ(e− j) ≤ 1.

Definition 3.4 then gives cj = 1.

Theorem 4.10. Let i, j ∈ {1, 2, . . . , e} and suppose cj > 1. Then

ci + νρ(i) ≥ cj + νρ(j)− δi<j .
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Proof. This is clearly true when i = j, so it suffices to assume i 6= j. Suppose that Dk is
the minimum (0 ≤ k ≤ e− 1). Then Definition 3.4 gives us

cj = ck + δj>k + νρ(e− k)− νρ(e− j) (4.3)

ci = max{ck + δi>k + νρ(e− k)− νρ(e− i), 1} (4.4)

If νρ(e) ≤ νρ(j) then νρ(e − j) ≥ min{νρ(e), νρ(j)} = νρ(e). But then Lemma 4.9 gives
cj = 1, a contradiction. Therefore, we must have νρ(j) < νρ(e).

We then have νρ(e− j) = min{νρ(e), νρ(j)} = νρ(j), and Equation 4.3 becomes

cj + νρ(j) = ck + δj>k + νρ(e− k). (4.5)

Next, if νρ(e) 6= νρ(i) then νρ(e− i) = min{νρ(e), νρ(i)} ≤ νρ(i). Therefore,

ci + νρ(i) ≥ ci + νρ(e− i)

≥ ck + δi>k + νρ(e− k) (By Eqn. 4.4)

= cj + νρ(j)− δj>k + δi>k (By Eqn. 4.5)

≥ cj + νρ(j)− δi<j .

We have left to consider the case when νρ(e) = νρ(i). Starting with Equation 4.5 we get

cj + νρ(j) = ck + νρ(e− k) + δj>k

≤ νρ(e) + δj>k (By Lemma 4.8)

= νρ(i) + δj>k

≤ ci + νρ(i).

This completes the proof of the theorem.

The next corollary follows directly from Theorem 4.10.

Corollary 4.11. Let i, j ∈ {1, 2, . . . , e} and suppose ci > 1 and cj > 1. If i < j then

ci + νρ(i) = cj + νρ(j) + ε

where ε ∈ {0, 1}.

4.2.3. Proof of Theorem 3.5. We will use the same setup from the last section.
In particular, we have an extension L/K of local fields, ρ is a uniformizer for K, and
c1, . . . , ce are the Newton-Ore exponents. In addition, we let e0 denote the ramification
index for K/Qp.

Theorem 4.12. Let k ∈ {1, 2, . . . , e}, let m ≥ 0, and suppose ck > 1. Let j1, . . . , je ≥ 0
such that

∑e
i=1 iji = k + m. Then

νρ(k + m) + νρ

((
e∑

i=1

ji − 1

)
!

)
−

e∑
i=1

νρ(ji!) +
e∑

i=1

jici ≥ ck + νρ(k).
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Proof. Choose i0 ∈ {1, 2, . . . , e} so that νρ(i0ji0) is minimum. Then

νρ(k + m) = νρ

(
e∑

i=1

iji

)
≥ νρ(i0ji0) = νρ(i0) + νρ(ji0).

Now since ck > 1, Theorem 4.10 gives us

ci0 + νρ(i0) ≥ ck + νρ(k)− δi0<k.

We will now use Lemma 4.6. Since νρ(a) = e0νp(a) for any a ∈ Zp, we can replace p with ρ

in Lemma 4.6. Using this lemma, we have

νρ

((
e∑

i=1

ji − 1

)
!

)
−

e∑
i=1

νρ(ji!)

= νρ

((
e∑

i=1

ji − 1

)
!

)
−

∑
i6=i0

νρ(ji!) + νρ((ji0 − 1)!)

−νρ(ji0)

≥ −νρ(ji0).

Therefore,

νρ(k + m) + νρ

((
e∑

i=1

ji − 1

)
!

)
−

e∑
i=1

νρ(ji!) +
e∑

i=1

jici

≥ νρ(k + m)− νρ(ji0) +
e∑

i=1

jici

≥ νρ(i0) + ci0 + (ji0 − 1)ci0 +
∑
i6=i0

jici

≥ ck + νρ(k) +

−δi0<k + (ji0 − 1)ci0 +
∑
i6=i0

jici

 .

We will be finished if we can show that the term in brackets is non-negative. If ji0 > 1 or
if there is more than one non-zero ji then this is obviously true. The only other possibility
is when ji0 = 1 and it is the only non-zero ji. But in that case we have i0 = k + m ≥ k so
that δi0<k = 0. Therefore, the bracketed term is always non-negative.

Corollary 4.13. Let 2 ≤ k ≤ e − 1 and let j1, . . . , jk−1 ≥ 0 such that
∑k−1

i=1 iji = k. If
ck > 1 then

νρ

((
k−1∑
i=1

ji − 1

)
!

)
−

k−1∑
i=1

νρ(ji!) +
k−1∑
i=1

jici ≥ ck.

Proof. Follows easily from Theorem 4.12 by setting m = 0 and jk = jk+1 = · · · = je = 0.
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Corollary 4.14. Let π ∈ PL be a uniformizer for L and let tk denote the kth power sum
for π. Let k ∈ {1, 2, . . . , e} and let m ≥ 0. If ck > 1 then

νρ(tk+m) ≥ ck + νρ(k).

Proof. Write the minimal polynomial for π as

fπ(x) = xe + b1x
e−1 + · · ·+ be−1x + be.

Since π is a uniformizer, the coefficients of fπ satisfy νρ(bi) ≥ ci. From Theorem 4.3 we get

tk+m =
∑

~j∈J ′′
k+m

(±1)
(
∑e

i=1 ji − 1)! (k + m)∏e
i=1(ji!)

bj1
1 bj2

2 · · · bje
e

where

J ′′
k+m =

{
(j1, . . . , je)

e∑
i=1

iji = k + m and ji ≥ 0 ∀i

}
.

Finally, from Theorem 4.12 we get

νρ(tk+m) ≥ min
~j∈J ′′

k+m

{
νρ(k + m) + νρ

((
e∑

i=1

ji − 1

)
!

)

−
e∑

i=1

νρ(ji!) +
e∑

i=1

jici

}
≥ ck + νρ(k).

We now have everything we need to prove Theorem 3.5.

Theorem 3.5. Let L/K be a totally ramified extension of local fields. Then any α ∈ PL

satisfies the Newton-Ore exponent condition.

Proof. Let π ∈ PL be any uniformizer for L and let tk =
∑e

i=1 πk
i be the kth power sum for

π. Write the minimal polynomial for π as

fπ(x) = xe + b1x
e−1 + · · ·+ be−1x + be

and note that νρ(bi) ≥ ci, where the ci’s are the Newton-Ore exponents.
Write the characteristic polynomial for α as

cα(x) = xe + a1x
e−1 + · · ·+ ae−1x + ae.

We need to show that νρ(ai) ≥ ci.
Since OL = OK [π], α will take the form

α = d1π + d2π
2 + · · ·+ deπ

e
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where each di ∈ OK . If ρ - d1 then α is another uniformizer, and hence νρ(ai) ≥ ci. So we
may assume that ρ | d1. Since ρ = επe for some ε ∈ O×

L , α can be put into the form

α = d2π
2 + · · ·+ de+1π

e+1.

Let sk =
∑e

i=1 αk
i be the kth power sum for α. The first thing we will show is that

νρ(sk) ≥ ck + νρ(k) whenever ck > 1. Start with Theorem 4.4 where we take n = e and
xi = di+1π

i+1

αk =
∑

~j∈Je,k

k!∏e
i=1(ji!)

(d2π
2)j1(d3π

3)j2 · · · (de+1π
e+1)je

=
∑

~j∈Je,k

k!∏e
i=1(ji!)

d′π2j1+3j2+···+(e+1)je

where d′ ∈ OK and

Je,k =

{
(j1, . . . , je)

e∑
i=1

ji = k and ji ≥ 0 ∀i

}
.

It follows that
sk =

∑
~j∈Je,k

k!∏e
i=1(ji!)

d′t2j1+3j2+···+(e+1)je
.

Define m =
∑e

i=1 iji and note that for ~j ∈ Je,k we get

2j1 + 3j2 + · · ·+ (e + 1)je = k + m.

Therefore, if ck > 1 then

νρ(sk) ≥ min
~j∈Je,k

{
νρ(k!)−

e∑
i=1

νρ(ji!) + νρ(tk+m)

}
≥ ck + νρ(k) (4.6)

where we have used Lemma 4.6 and Corollary 4.14. (Note that Lemma 4.6 is still valid
when we replace p with ρ.)

Next, we use Theorem 4.2 to write ak in terms of sk and a1, . . . , ak−1:

(−1)k+1ak =
sk

k
+
∑
~j∈J ′

k

(±1)

(∑k−1
i=1 ji − 1

)
!∏k−1

i=1 (ji!)
aj1

1 aj2
2 · · · ajk−1

k−1 (4.7)

where

J ′
k =

{
(j1, . . . , jk−1)

k−1∑
i=1

iji = k and ji ≥ 0 ∀i

}
.
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We will use induction on k to show that νρ(ak) ≥ ck. Because α ∈ PL, it follows that
νρ(ai) ≥ 1 for every i, so when considering ak it suffices to assume ck > 1. When k = 1,
a1 = s1 and we have νρ(a1) = νρ(s1) ≥ c1. Now let k > 1 and suppose νρ(ai) ≥ ci for
1 ≤ i ≤ k − 1. From Equation 4.7 we have

νρ(ak) ≥ min

(
νρ

(sk

k

)
, min
~j∈J ′

k

{
νρ

((
k−1∑
i=1

ji − 1

)
!

)

−
k−1∑
i=1

νρ(ji!) +
k−1∑
i=1

jici

})
≥ ck

where we have used Equation 4.6 and Corollary 4.13. This completes the proof.



CHAPTER 5

THE ALGORITHM

In previous chapters, we have discussed how to get Archimedean bounds on the
polynomial coefficients and how to compute a complete set of congruences that the coeffi-
cients must satisfy. This chapter will discuss how these concepts are utilized to form the
algorithm.

In this chapter, we assume we are given a degree m number field K, and also a finite
set of integral primes S. We are interested in finding all degree n extension fields L/K

which are unramified outside of S.

5.1. Representatives for the Residue Field

In Chapter 3 it was assumed that we had a complete set of representatives for
OK/p, which we denoted Γ. It is worth mentioning how such a set can be constructed. The
following theorem provides an answer. For a proof, see proposition 2.4.6 and Corollary 2.4.7
in [3].

Theorem 5.1. Let [K : Q] = m and let ω1, . . . , ωm be an integral basis for K. Let p be a
prime ideal of OK with [OK/p : Z/pZ] = f , and let A = [aij ]ij be its Hermite normal form.
Let Dp be the set of indices i ∈ [1,m] such that aii = p. Then

1. |Dp| = f , and

2. ωi ∈ OK/p for i ∈ Dp are Fp-linearly independent.

So if we let

{ω′
1, ω

′
2, . . . , ω

′
f} = {ωi | i ∈ Dp}

then we can take

Γ =

{
f∑

i=1

biω
′
i 0 ≤ bi ≤ p− 1

}
(5.1)

as our complete set of representatives for OK/p.
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5.2. Discriminant Calculations

Before Martinet’s bound can be calculated, it is first necessary to compute the
absolute discriminant |dL|. The value of |dL| is determined from dK and the ramification
structure which is being targeted.

Let SK be the set of prime ideals of OK which lie above any prime in S. Fix a prime
ideal p ∈ SK and let p be the prime below p. Suppose we are targeting the ramification
structure pOL = Pe1

1 · · ·Peg
g with residue degrees fi = [OL/Pi : OK/p].

We are interested in determining that portion of |dL| which can be attributed to p.
We will start by computing the different D(L/K). From Dedekind’s theorem, we know that
Pi is ramified in OL if and only if Pi divides D(L/K). Therefore, D(L/K) has the form:

D(L/K) =

(
g∏

i=1

Pri
i

)
· a (5.2)

where a is an ideal relatively prime to each Pi, and each ri ≥ 0. Note that ri ≥ ei − 1 with
equality if and only if Pi is tamely ramified or unramified. In particular, ri = 0 if and only
if Pi is unramified.

The relative discriminant ideal is

dL/K = NL/K(D(L/K))

=

(
g∏

i=1

NL/K(Pri
i )

)
· NL/K(a)

=

(
g∏

i=1

pfiri

)
· NL/K(a)

= ps
iNL/K(a)

where s =
∑g

i=1 firi. The absolute discriminant is then given by

|dL| = |dK |[L:K]NK/Q(dL/K)

= |dK |nNK/Q(ps)NL/Q(a))

= |dK |npf0sNL/Q(a)

where f0 = [OK/p : Z/pZ]. Note that the term NL/Q(a) might have additional factors of p,
but all these factors can be attributed to a prime ideal different from p. The factor of p in
|dL| which corresponds solely to p is pf0s, and we denote this factor dL,p:

dL,p
def= pf0

Pg
i=1 rifi . (5.3)

It is now easy to compute |dL| for a specific targeted search. Suppose we are inter-
ested in fields ramified at p1, . . . , pk. Then |dL| is given by

|dL| = |dK |n
k∏

i=1

dL,pi



53

where each dL,pi will depend on the targeted ramification structure for pi. Note that to
obtain all field extensions L/K, we must search over all possible combinations of ramification
structures.

Example 5.1. Suppose we are interested in decics containing a quadratic subfield. Then
we have [L : K] = 5 and [K : Q] = 2. Let us further suppose that S = {5}. There is only
one possibility for K, namely K = Q(

√
5). We have 5OK = p2, so e0 = 2 and f0 = 1.

First consider the ramification structure pOL = P5. The local form will be a quintic
extension LP/Kp. We let d denote the exponent of P in D(L/K), which is the same as the
exponent of PLP

in D(LP/Kp). As shown in section 3.3.5, d can take 1 of 9 values (see
Table 3.6). For this ramification structure we have

dL,p = 5d,

and since p is the only prime ideal, we have

|dL| = |dK |5dL,p = 55+d.

Now consider the ramification structure pOL = P3
1P

2
2. This time ramification is

tame and we have e1 = 3, e2 = 2, and f1 = f2 = 1. Therefore,

dL,p = 5(e1−1)f1+(e2−1)f2 = 53,

and hence |dL| = |dK |5dL,p = 58.
Now consider the ramification structure pOL = P2

1P2 where f1 = 2 and f2 = 1.
Since ramification is tame, we get

dL,p = 5(e1−1)f1 = 52,

and hence |dL| = |dK |5dL,p = 57.
The other ramification structures are handled in a similar way.

5.3. Implementing the Bounds

Let σ1, . . . , σm be the embeddings of K and let ω1, . . . , ωm be an integral basis for
K. All of the archimedean bounds derived in Chapter 2 take the form

~aTQHQ~a ≤ B (5.4)

where Q = [σi(ωj)]ij , B is a positive real-valued bound, and ~a is either a polynomial
coefficient or a power sum. The vector ~a = [a1 . . . am] ∈ Zm represents the element a =∑m

i=1 aiωi.
The first issue we consider is how to convert the bound given by Equation 5.4 into

separate bounds on each component ai. Let Q′ = QHQ. Since ~a has real valued components,
~aTQ′~a is also real valued, and therefore

~aTQ′~a = Re{~aTQ′~a} = ~aTA~a
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where A = [Re{q′ij}]ij . Equation 5.4 then becomes

~aTA~a ≤ B (5.5)

Since ~zTA~z > 0 for every non-zero ~z ∈ Rm, A is a positive definite symmetric real matrix,
hence must have real positive eigenvalues. The eigenvector/eigenvalue decomposition of the
matrix A is given by

A = EΛET

where E is the matrix whose columns are the eigenvectors of A and Λ = diag(λ1, . . . , λm)
is the diagonal matrix of eigenvalues.

The cross product terms in Equation 5.5 are removed by considering the transfor-
mation ~z = ET~a. This gives

~z TΛ~z = ~aTEΛET~a = ~aTA~a ≤ B.

=⇒ λ1z
2
1 + λ2z

2
2 + · · ·+ λmz2

m ≤ B. (5.6)

Since each λi > 0, this region is the interior of an m-dimensional ellipsoid. It follows that
~a lies inside a rotated m-dimensional ellipsoid. For this reason, we will sometimes refer to
bounds of the type given in Equation 5.5 as ellipsoidal bounds.

It is easy to use Equation 5.6 to get bounds on the zi’s, but this does not help to
get bounds on the ai’s. To get good bounds on the ai’s, we start by forming a triangular
decomposition for the matrix A. This is sometimes called the Cholesky decomposition. The
existence of such a decomposition is provided by the following theorem, whose proof can be
found in [6] (p. 114, 407).

Theorem 5.2. A matrix A is positive definite if and only if there exists a non-singular
upper triangular matrix T with positive diagonal entries such that A = TTT . If A is real
then T is real. Furthermore, this triangular decomposition is unique.

So we may decompose A uniquely as

A = TTT

where T is an upper triangular matrix with positive diagonal entries. Defining ~z = T~a we
have 

z1

z2

...
zm

 =


t11 t12 · · · t1m

0 t22 · · · t2m

...
...

. . .
...

0 0 · · · tmm




a1

a2

...
am


which implies

z2
1 + z2

2 + · · ·+ z2
m = ~z T~z = ~aTTTT~a ≤ B. (5.7)
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Substituting for zi in Equation 5.7 we get(
m∑

i=1

t1iai

)2

+

(
m∑

i=2

t2iai

)2

+ · · ·+ (tmmam)2 ≤ B.

This gives the following bound on am:

|am| ≤
1

tmm
·
√

B, (5.8)

Given the value for am, we then derive the following bound on am−1:

|tm−1,m−1am−1 + tm−1,mam| ≤
√

B − (tmmam)2 def= Bm−1. (5.9)

=⇒ −Bm−1 − tm−1,mam

tm−1,m−1
≤ am−1 ≤

Bm−1 − tm−1,mam

tm−1,m−1
. (5.10)

And in general, the bounds on aj are computed from the current values of aj+1, . . . , am as
follows:

1
tjj

−Bj −
m∑

k=j+1

tjkak

 ≤ aj ≤
1
tjj

Bj −
m∑

k=j+1

tjkak

 (5.11)

where we define

Bj
def=

√√√√B −
m∑

k=j+1

(
m∑

i=k

tkiai

)2

. (5.12)

We end this section with an explicit formula for the Cholesky decomposition. These
formulas are derived by forming the product TTT and equating it to A = [aij ]ij .

t11 =
√

a11, t12 = a12
t11

, t13 = a13
t11

, · · · , t1k = a1k
t11

.

t22 =
√

a22 − t212, t23 = a23−t12t13
t22

, · · · , t2k = a2k−t12t1k
t22

.

t33 =
√

a33 − t213 − t223, t3k = a3k−t13t1k−t23t2k
t33

(k > 3) .

t44 =
√

a44 − t214 − t224 − t234, t4k = a4k−t14t1k−t24t2k−t34t3k
t44

(k > 4) .

And in general,

tjj =
√

ajj −
∑j−1

i=1 t2ij , tjk = ajk−
Pj−1

i=1 tijtik
tjj

(k > j). (5.13)

As an example, when m = 2 the above equations give

T =

 √
a11

a12√
a11

0
(
a22 −

a2
12

a11

)1/2

 .
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5.4. Implementing the Congruences

In the previous section, we showed how to obtain bounds on the individual compo-
nents of a coefficient ~a given a bound on ~aTQHQ~a. This method can be used directly when
performing a standard Martinet search, but must be modified slightly in order to use the
congruences on ~a.

Suppose we want to find elements a =
∑m

i=1 aiωi ∈ OK which are congruent to
c =

∑m
i=1 ciωi ∈ OK modulo the ideal a. The ideal a is a free Z-module of rank m = [K : Q],

so there exist µj ∈ OK such that

a = µ1Z + µ2Z + · · ·+ µmZ.

Each µj may be written µj =
∑m

i=1 µijωi where µij ∈ Z. Now if a ≡ c (mod a) then a−c ∈ a

which implies

m∑
i=1

aiωi −
m∑

i=1

ciωi = k1µ1 + · · ·+ kmµm

= k1

m∑
i=1

µi1ωi + · · ·+ km

m∑
i=1

µimωi

for some ki ∈ Z. Equating the coefficients of the ωi’s, we get the following matrix equation:
a1

a2

...
am

 =


µ11 µ12 · · · µ1m

µ21 µ22 · · · µ2m

...
...

...
µm1 µm2 · · · µmm




k1

k2

...
km

+


c1

c2

...
cm


which we write as

~a = M~k + ~c.

Note that there exists a basis for a such that M will be in Hermite normal form. We will
always assume that M is the Hermite normal form.

Now define ~k′ = ~k + M−1~c. Then

~a = M(~k + M−1~c) = M~k′.

We now use the bound on ~a to give bounds on the ki’s. From Equation 5.4 we get

(~k′)T(QM)H(QM)~k′ ≤ B.

As in section 5.3, there exists an auxiliary matrix A such that (~k′)TA~k′ ≤ B and A is a
positive definite real symmetric matrix. Using the Cholesky decomposition for A as was
done in section 5.3, we obtain the following bounds for the components of ~k′.

|k′m| ≤
1

tmm
·
√

B
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−Bm−1 − tm−1,mk′m
tm−1,m−1

≤ k′m−1 ≤
Bm−1 − tm−1,mk′m

tm−1,m−1

...

1
tjj

−Bj −
m∑

i=j+1

tjik
′
i

 ≤ k′j ≤
1
tjj

Bj −
m∑

i=j+1

tjik
′
i


where

Bj
def=

√√√√B −
m∑

r=j+1

(
m∑

i=r

trik′i

)2

.

If we write these bounds as L′
i ≤ k′i ≤ U ′

i , then we get the following bounds on the
ki’s

dL′
i − c′ie ≤ ki ≤ bU ′

i − c′ic

where ~c ′ = M−1~c. We will write these bounds as Li ≤ ki ≤ Ui. Note that the bounds
Li and Ui depend on the current values of ki+1, . . . , km. So to obtain all values for ~k, we
first loop over the range for km. The current value for km is used to get looping bounds for
km−1. Then the current values for km and km−1 are used to get looping bounds for km−2,
and so on.

The search algorithm works by looping over all combinations of the ki’s, and for each
combination, computing ~a = M~k +~c. Observe that the bounds on the ki’s are smaller than
the bounds on the ai’s so that the search region has been reduced. What is happening here
is easily understood by considering the one dimensional case, where we want all elements
a such that a = c + kp (here µ1 = p is the modulus of the congruence vector). If the
archimedean bounds are |a| < B then k = a−c

p so that −B−c
p ≤ k ≤ B−c

p . We see that the
search region has been reduced by a factor of p, and as k loops over all integer values, a

will loop over the multiples of p. The multi-dimensional case is completely analogous.
The above method must be modified slightly when the bound is on a power sum

instead of a polynomial coefficient. Suppose we are interested in the jth (2 ≤ j ≤ n − 1)
polynomial coefficient and we have the following bound on the jth power sum:

~sj
TQHQ~sj ≤ B.

From Newton’s formulas, we may write

j ~aj = ~bj − ~sj

where ~bj ∈ Zm depends on the coefficients a1, . . . , aj−1. As usual, ~bj is the vector represen-
tation for an element bj ∈ OK . The first 3 values for bj are

b2 = a2
1,

b3 = −a3
1 + 3a1a2,



58

and

b4 = a4
1 + 4a1a3 − 4a2

1a2 + 2a2
2.

For this to work properly, we must assume that the looping order on the coefficients is
a1, an, a2, a3, . . . , an−1. The reason an comes second is that it is needed in order to use the
method of Pohst which gives the bounds on the power sums.

The coefficient ~aj is still related to the congruence via the equation

~aj = M~k + ~c.

This time we define

~c ′ =
1
j
M−1(~bj − j~c)

and
~k′ = ~c ′ − ~k.

With these definitions, we may now write

~sj = ~bj − j ~aj

= ~bj − j(M~k + ~c)

= jM

[
1
j
M−1(~bj − j~c)− ~k

]
= jM~k′.

We now use the bound on ~sj to give bounds on the components of ~k′:

~sj
TQHQ~sj = j2(~k′)T(QM)H(QM)~k′.

=⇒ (~k′)T(QM)H(QM)~k′ =
1
j2

~sj
TQHQ~sj ≤

B

j2
.

As in section 5.3, there exists an auxiliary matrix A such that (~k′)TA~k′ ≤ B
j2 and A is a

positive definite real symmetric matrix.
The rest of the algorithm is basically the same as before. The only difference is we

use B
j2 for the bound, and k′j = c′j − kj .

5.5. Algorithm Summary

We now have everything we need to construct the algorithm. First we discuss the
targeted Martinet search algorithm, and then we discuss the general algorithm for finding
all extensions L/K which are unramified outside of S.
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5.5.1. The Targeted Martinet Search. The input to the targeted Martinet
search will be a vector of congruence data:

~v = [dL,m,m, ~c1, . . . , ~cN ]

where m is the modulus ideal for the congruences, dL,m is the portion of |dL| which can be
attributed to the primes dividing m, N is the number of congruence vectors, and each ~ci is
a vector of congruences. Note that each ~ci is of length n = [L : K] where the jth component
is the congruence for the jth coefficient. The algorithm is as follows:

1. If M is the Hermite normal form for m, then compute the tij ’s corresponding to
Q′ = (QM)H(QM) according to Equation 5.13. Note this will first require computing
the auxiliary matrix A =

[
Re{q′ij}

]
ij

.

2. Compute |dL| = |dK |n · dL,m.

3. Loop over congruence vectors ~ci = [ci1, . . . , cin].

4. Set a1 = ci1. Here it is assumed that the congruence vectors are constructed in such
a way that the first congruence gives the first coefficient directly.

5. Compute Martinet’s bound:

Ca1 =
1
n

m∑
j=1

|σj(a1)|2 + γm(n−1)

(
|dL|

nm|dK |

)1/m(n−1)

.

6. Loop over the coefficient an where the bounds on an are computed according to
Theorem 2.2, and the looping structure for the components of an is described in
Section 5.4 above.

7. Use the method of Pohst (Theorem 2.7) to give bounds on s3, s4, . . ., sn−1.

8. Loop over the rest of the coefficients in the order a2, a3, . . ., an−1 as described in
Section 5.4 above. For each combination of coefficients, do the following:

(a) Form the polynomial

fα,K(x) = xn + a1x
n−1 + · · ·+ an−1x + an.

(b) Compute the polynomial fL(x) ∈ Z[x] representing the field L = K(α). In the
pari/gp system, this can be done by using the function “rnfequation()”.

(c) Only continue if deg(fL) = nm. This is always true when n is prime, in which
case this step can be skipped.

(d) Compute the polynomial discriminant for fL and divide out all factors of p ∈ S.
Only continue if the result is a non-zero square.
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(e) Only continue if fL is irreducible.

(f) Finally, write fL to file if the field discriminant of fL divides |dL|.

One may also incorporate the constraints of Section 2.4 by testing each coefficient
inside of its respective looping structure.

5.5.2. Algorithm for Constructing Field Tables. The algorithm for finding all
primitive degree n extensions L/K which are unramified outside of the set S is as follows.

1. Compute the set SK of all prime ideals of OK which lie above some p ∈ S.

2. For each p ∈ SK , compute the complete set of congruence vector data Cp according
to the theorems of Chapter 3. This will entail computing Γ for each p according to
Equation 5.1. The elements of Cp are vectors of the form

~v = [dL,p, p
k, ~c1, . . . , ~cN ]

where pk is the modulus ideal for the congruences, dL,p is the portion of |dL| which
can be attributed to p, N is the number of congruence vectors, and each ~ci is a vector
of congruences.

3. Perform a standard Martinet search to find all primitive extensions L such that L/K

is unramified.

4. For each p ∈ SK , do a targeted Martinet search as described in Section 5.5.1 to find
all primitive extensions L/K which are ramified at only p.

5. When |SK | ≥ 2, for each pair of primes p, q ∈ SK , do a targeted search to find all
primitive extensions L/K which are ramified at precisely p and q. Before the search
can be performed, the congruence data for p and q must be combined. The combined
discriminant bound is dL,pq = dL,pdL,q and is that part of dL which can be attributed to
both p and q. The combined modulus ideal is the product of the individual modulus
ideals. Finally, the individual congruence vectors are combined in pairs using the
Chinese remainder theorem for ideals. Note that a combined congruence vector can
be discarded if the first congruence is not congruent to one of the allowed values for
a1 as dictated by Theorem 2.1.

6. When |SK | ≥ 3, for each triplet pi, pj , pk ∈ SK , do a targeted search to find all primi-
tive extensions L/K which are ramified at precisely pi, pj , and pk. The congruences
are combined in a similar way to that described in step 5.

7. When |SK | ≥ 4, do a similar thing for all combinations of 4 prime ideals.

8. Continue in this manner until a targeted search has been performed to find all prim-
itive extensions L/K which are ramified at precisely every prime ideal of SK .
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9. Refine the final list of polynomials to remove isomorphic fields.

To construct complete tables of imprimitive number fields of degree N which are
unramified outside of the set S, the above algorithm is applied to every field K of degree
m dividing N (1 < m < N), where K is also unramified outside of S. In this way, tables
are built up inductively from tables of smaller degree fields.
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CHAPTER 6

APPLICATIONS

The targeted Martinet search algorithm has multiple applications, which are now
discussed.

6.1. The Calegari Conjecture

The following question was posted on a number theory e-mailing list by Frank Cale-
gari:

“I’m trying to show that there is no A5 extension K of Q(i) with the following
property:
1. K/Q(i) is unramified outside (1 + i), (2 + i), and (2− i);
2. The discriminant of K/Q(i) divides the following number:
(1 + i)48(2 + i)69(2− i)117.
Is this a plausible computation?”

The first step is to recast this question into a form more amenable to the targeted
Martinet search algorithm.

Let K = Q(i) and let L be a degree n = 5 extension of K. Note that 2OK = p2
1

where p1 = (1 + i)OK , and 5OK = p2p3 where p2 = (2 + i)OK and p3 = (2 − i)OK . Using
our notation we have

S = {2, 5} and SK = {p1, p2, p3}.

So Calegari’s question is referring to quintic extensions of K which are unramified outside
of S and which have Galois group A5 over K.

Next, we will consider Calegari’s discriminant condition. Calegari’s discriminant
bound applies to the Galois closure Lg of L/Q, and can be stated as follows

dLg/K = pn1
1 pn2

2 pn3
3

where n1 ≤ 48, n2 ≤ 69, and n3 ≤ 117. Next, we will compute |dLg |. Observing that
[Lg : K] = |A5| = 60 we get

|dLg | = |dK |60NK/Q(dLg/K) = 4602n15n25n3 = 2120+n15n2+n3 .
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Now suppose |dL| = 2m15m2 . We wish to determine bounds on m1 and m2. Since
[Lg : L] = [Lg : K]/[L : K] = 60/5 = 12, we get

|dLg | = |dL|12NL/Q(dLg/L),

and therefore
2120+n15n2+n3 = 212m1512m2NL/Q(dLg/L),

which implies

12m1 ≤ 120 + n1 ≤ 168 and 12m2 ≤ n2 + n3 ≤ 186.

Hence m1 ≤ 14 and m2 ≤ 15. So for Calegari’s question to be true, it suffices to prove the
following conjecture, which we will refer to as Calegari’s Conjecture.

Conjecture 6.1. There is no quintic extension L of Q(i) satisfying

1. Gal(Lg/Q(i)) = A5,

2. L is unramified outside of S = {2, 5}, and

3. dL divides 214515.

Let G = Gal(Lg/Q). Since 120 divides |G| and L contains a quadratic subfield, one
sees that

G ∈ {T11, T12, T22, T40, T41, T42, T43} (6.1)

where we use the naming convention for the transitive groups as established in [1]. Analyzing
each group in Equation 6.1 separately, it’s not too hard to show the following:

Theorem 6.2. Let K be a quadratic number field and let L be a quintic extension of K

such that Gal(Lg/K) = A5. Then

G ∈ {T11, T12, T40}.

We now have everything we need to apply the targeted Martinet search. Doing a
complete search for the case when K = Q(i) and S = {2, 5} turns out to be impractical.
However, it is possible to do a search for all fields having ν2(dL) ≤ 217 (the maximum
possible is 229) within a timely manner, and this is sufficient to cover Calegari’s discriminant
condition. After about a week of non-stop processing, the search yielded 104 non-isomorphic
fields of which there were none of type T11, 1 of type T12, and 1 of type T40. The T12
and T40 polynomials are:

fT12 = x10 − 10x7 + 45x6 − 46x5 + 50x4 − 120x3 + 100x2 + 40x + 8,

fT40 = x10 − 2x9 + 5x8 − 12x7 + 12x6 − 20x5 + 28x4 + 20x3 + 53x2 + 42x + 9.

The T12 had discriminant 212516 and the T40 had discriminant 22258, both of which exceed
Calegari’s bound. This proves the truth of Calegari’s Conjecture.
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6.2. Verification of Old Tables

In [7], Jones and Roberts determine all sextic fields unramified outside the set S =
{2, 3}. They used a targeted Hunter search which is only guaranteed to find the primitive
sextics, and then they used class field theory to show that the list of discovered fields actually
contained every sextic. On his web site [9], John Jones has additional tables of sextics with
prescribed ramification; however, these tables were never proven complete. Performing
targeted Martinet searches for all cases on this web site, it was proven that the tables are
indeed complete.

6.3. Construction of New Tables

The most obvious application of the targeted Martinet search is to construct com-
plete tables of imprimitive number fields. This was done for quartics, sextics, octics, nonics,
and decics. Results for all cases except quartics are tabulated in Appendix A, and can also
be found at either [9] or [10].

The biggest concern when using complex algorithms such as the targeted Martinet
search, is the possibility of subtle programming errors, which may lead to erroneous results.
In our case, a mistake usually leads to a missed field, and hence incomplete number field
tables. In this section we discuss a method for checking the completeness of the tables.

Fix the set of primes S and let G = xTy represent a Galois group of type Ty for a
field of degree x. Then we let NG be the number of fields with Galois group G which are
unramified outside of S. In addition, we let NC2 , NC3 , and NS3 be the number of quadratic,
C3 cubics, and S3 cubics respectively.

The method for checking our field data involves analyzing each type of Galois group
in order to count the number of expected fields of a given type as a function of the numbers
of smaller degree fields. As an example, looking at the subgroup lattice for a C6 = 6T1
sextic, we see that the C6 sextic is the compositum of a quadratic with a C3 cubic. Hence,

N6T1 = NC2NC3 .

The method gives a series of tests which can be applied to the data in the tables to
see if the numbers of certain types of fields are correct. It is important to note that the
set of tests is not guaranteed to find all possible flaws in the data, but does allow us to say
with a high degree of confidence that the data is complete.

We now list the various tests as a sequence of theorems, one theorem per degree.
The proofs are omitted, but are not difficult.

Theorem 6.3 (Sextics).

N6T1 = NC2NC3 N6T6 = N4T4NC2

N6T2 = NS3 N6T7 = N4T5

N6T3 = NS3(NC2 − 1) N6T8 = N4T5

N6T4 = N4T4 N6T11 = N4T5(NC2 − 1)
N6T5 = NC3NS3
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Theorem 6.4 (Octics).

N8T2 = 1
4N4T1(NC2 − 1) N8T23 ≡ 0 (mod 2)

N8T3 = 1
28N4T2(NC2 − 3) N8T24 = N4T5(NC2 − 1)

N8T4 = 1
2N4T3 N8T26 ≡ 0 (mod 4)

N8T6 ≡ 0 (mod 2) N8T27 ≡ 0 (mod 2)
N8T9 = 1

4N4T3(NC2 − 3) N8T28 = N8T27

N8T10 ≡ 0 (mod 2) N8T29 = 3N8T31

N8T11 ≡ 0 (mod 3) N8T30 ≡ 0 (mod 4)
N8T13 = N4T4NC2 N8T31 ≡ 0 (mod 2)
N8T14 = N4T5 N8T32 ≡ 0 (mod 3)
N8T15 ≡ 0 (mod 2) N8T33 ≡ 0 (mod 2)
N8T16 ≡ 0 (mod 2) N8T35 ≡ 0 (mod 8)
N8T17 ≡ 0 (mod 2) N8T38 ≡ 0 (mod 2)
N8T18 ≡ 0 (mod 8) N8T39 ≡ 0 (mod 6)
N8T19 = 2N8T20 N8T40 ≡ 0 (mod 2)
N8T20 = N8T21 N8T41 ≡ 0 (mod 2)
N8T22 ≡ 0 (mod 6) N8T44 ≡ 0 (mod 4)

Theorem 6.5 (Nonics).

N9T2 = 1
12NC3(NC3 − 1) N9T17 ≡ 0 (mod 3)

N9T4 = NC3NS3 N9T18 ≡ 0 (mod 2)
N9T5 = 1

6 [12NS3(NS3 − 1)−N6T9] N9T20 ≡ 0 (mod 3)
N9T7 ≡ 0 (mod 4) N9T21 ≡ 0 (mod 3)
N9T8 = N6T9 N9T22 ≡ 0 (mod 3)
N9T11 = N9T13 N9T24 ≡ 0 (mod 3)
N9T12 ≡ 0 (mod 4)

Theorem 6.6 (Decics).

N10T1 = NC2N5T1 N10T17 ≡ 0 (mod 2)
N10T2 = N5T2 N10T18 ≡ 0 (mod 3)
N10T3 = N5T2(NC2 − 1) N10T20 ≡ 0 (mod 3)
N10T4 = N5T3 N10T21 = 2N10T19

N10T5 = N5T3(NC2 − 1) N10T22 = N5T5(NC2 − 1)
N10T6 = 2N5T1N5T2 N10T23 ≡ 0 (mod 6)
N10T8 ≡ 0 (mod 3) N10T23 > 0 =⇒ N10T15 ≥ 3
N10T9 = 2N5T2(N5T2 − 1) N10T24 = N10T25

N10T10 ≡ 0 (mod 2) N10T27 ≡ 0 (mod 3)
N10T11 = NC2N5T4 N10T29 ≡ 0 (mod 2)
N10T12 = N5T5 N10T29 > 0 =⇒ N10T24 > 0
N10T14 ≡ 0 (mod 3) N10T37 = N10T38

N10T15 ≡ 0 (mod 3) N10T39 ≡ 0 (mod 2)
N10T16 = N10T15 N10T39 > 0 =⇒ N10T37 > 0
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APPENDIX A

Tables of Fields with Prescribed Ramification

In this appendix, we provide complete tables of number fields unramified outside of
a finite set of primes S. The tables give the numbers of each type of field and the total
number of fields. There are tables for degrees 6, 8, 9 and 10. This information can also be
found on the web, along with links to the data files [10].

A.1. Imprimitive Sextic Tables

In the following tables we use the naming convention of Butler and McKay [1]. In
particular, we have

T5 = C2
3 o C2 T10 = C2

3 o C4

T6 = A4 × C2 T11 = S4 × C2

T9 = C2
3 o C2

2 T13 = C2
3 o D4.

Table A.1: Imprimitive sextics where S contains 1 prime.

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{2} 0
{3} 1 1 1 3
{5} 0
{7} 1 1
{11} 0
{13} 1 1
{17} 0
{19} 1 1
{23} 1 1
{29} 0
{31} 1 1 1 3
{37} 1 1
{41} 0
{43} 1 1
{47} 0

continued on next page
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Table A.1: Imprimitive sextics with |S| = 1 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{53} 0
{59} 1 1 1 3
{61} 1 1
{67} 1 1
{71} 0
{73} 1 1
{79} 1 1
{83} 1 1
{89} 0
{97} 1 1
{101} 0
{103} 1 1
{107} 1 1 1 3
{109} 1 1
{113} 0
{127} 1 1
{131} 0
{137} 0
{139} 1 1 1 1 1 5
{149} 2 2
{151} 1 1
{157} 1 1
{163} 1 1 1 3
{167} 0
{173} 0
{179} 0
{181} 1 1
{191} 0
{193} 1 1
{197} 0
{199} 1 1 1 3
{211} 1 1 1 3
{223} 1 1
{227} 0
{229} 3 3 1 1 1 9
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Table A.2: Imprimitive sextics where S contains 2 primes.

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{2,3} 50 132 4 22 22 22 7 8 1 48 8 7 331
{2,5} 18 3 3 6 1 31
{3,5} 2 2 4 1 1 5 10 5 3 33
{2,7} 2 2 7 1 7 19
{3,7} 2 2 4 1 1 20 10 5 12 57
{5,7} 1 2 1 3 7
{2,11} 2 36 1 6 6 12 2 65
{3,11} 2 6 9 3 3 6 12 6 3 50
{5,11} 2 2
{7,11} 3 3
{2,13} 60 1 10 10 7 2 1 12 2 7 112
{3,13} 4 2 4 16 1 1 32 16 8 12 96
{5,13} 3 1 3 7
{7,13} 3 1 12 16
{11,13} 2 1 1 1 2 1 3 11
{2,17} 12 12
{3,17} 4 2 4 2 2 3 5 1 10 5 3 41
{5,17} 0
{7,17} 1 2 1 3 7
{11,17} 2 1 1 1 4 2 11
{13,17} 2 3 5
{2,19} 78 3 13 13 7 3 1 18 3 7 146
{3,19} 2 4 4 2 2 3 20 1 10 5 12 65
{5,19} 3 3
{7,19} 3 4 1 2 1 12 23
{11,19} 3 1 3 7
{13,19} 2 1 1 4 2 1 12 23
{17,19} 3 3
{2,23} 4 54 3 9 9 18 3 100
{3,23} 8 6 9 3 3 6 12 6 3 56
{5,23} 2 1 1 2 1 7
{7,23} 2 1 1 1 2 1 3 11
{11,23} 2 1 1 2 1 7
{13,23} 2 1 2 1 3 9
{17,23} 2 1 1 2 1 7
{19,23} 2 1 1 1 2 1 3 11
{2,29} 2 102 3 17 17 18 3 162

continued on next page
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Table A.2: Imprimitive sextics with |S| = 2 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{3,29} 8 2 9 4 4 6 12 6 3 54
{5,29} 2 4 6
{7,29} 2 3 1 3 9
{11,29} 2 1 1 2 1 7
{13,29} 8 3 11
{17,29} 2 2
{19,29} 2 1 1 1 2 1 3 11
{23,29} 2 2 1 5
{2,31} 2 18 3 3 35 1 5 6 1 7 81
{3,31} 2 4 9 2 2 24 12 6 12 73
{5,31} 2 1 2 1 3 9
{7,31} 4 2 1 12 19
{11,31} 4 1 2 2 2 4 2 3 20
{13,31} 2 1 1 3 4 1 2 1 12 27
{17,31} 4 1 2 2 2 4 2 3 20
{19,31} 3 4 1 2 1 12 23
{23,31} 2 1 1 1 3 2 1 4 2 3 20
{29,31} 2 1 1 3 1 1 2 1 3 15
{2,37} 4 60 2 1 10 10 7 2 1 12 2 7 118
{3,37} 28 2 2 16 1 1 3 32 1 16 8 12 122
{5,37} 3 3
{7,37} 2 4 2 1 12 21
{11,37} 2 2 3 1 1 2 1 3 15
{13,37} 12 12
{17,37} 2 3 5
{19,37} 6 2 12 20
{23,37} 2 1 1 3 1 1 2 1 3 15
{29,37} 4 3 1 3 11
{31,37} 8 1 4 4 6 8 2 4 2 12 51
{2,41} 8 2 10
{3,41} 10 2 4 5 5 5 10 5 3 49
{5,41} 4 4
{7,41} 3 1 1 2 1 3 11
{11,41} 6 1 3 3 4 2 19
{13,41} 2 1 1 1 2 1 3 11
{17,41} 8 1 4 4 4 2 23
{19,41} 6 3 3 1 2 1 3 19

continued on next page
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Table A.2: Imprimitive sextics with |S| = 2 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{23,41} 2 2 1 5
{29,41} 2 1 1 2 1 7
{31,41} 1 2 1 3 7
{37,41} 4 2 3 9
{2,43} 2 36 1 6 6 35 2 5 12 2 7 114
{3,43} 2 6 4 3 3 20 10 5 12 65
{5,43} 2 1 1 1 2 1 3 11
{7,43} 3 4 1 2 1 12 23
{11,43} 2 6 3 3 3 1 1 2 1 3 25
{13,43} 2 2 1 1 4 2 1 12 25
{17,43} 6 3 3 1 2 1 3 19
{19,43} 4 2 1 12 19
{23,43} 2 1 1 1 2 1 3 11
{29,43} 1 2 1 3 7
{31,43} 2 1 1 1 3 8 1 4 2 12 35
{37,43} 3 1 12 16
{41,43} 2 2 1 1 3 1 1 2 1 3 17
{2,47} 6 36 2 1 6 6 12 2 71
{3,47} 8 10 9 5 5 6 12 6 3 64
{5,47} 6 1 3 3 4 2 19
{7,47} 2 2 1 1 1 2 4 2 3 18
{11,47} 2 1 3
{13,47} 3 1 3 7
{17,47} 0
{19,47} 3 3
{23,47} 1 4 2 7
{29,47} 4 1 2 2 4 2 15
{31,47} 2 6 3 3 3 1 1 2 1 3 25
{37,47} 2 3 1 1 2 1 3 13
{41,47} 2 1 1 1 4 2 11
{43,47} 6 3 3 3 1 1 2 1 3 23
{2,53} 2 126 4 3 21 21 18 3 198
{3,53} 2 2 4 1 1 3 5 1 10 5 3 37
{5,53} 0
{7,53} 6 3 3 1 2 1 3 19
{11,53} 2 2
{13,53} 2 2 3 1 3 11

continued on next page
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Table A.2: Imprimitive sextics with |S| = 2 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{17,53} 2 2
{19,53} 2 1 1 1 2 4 2 3 16
{23,53} 10 3 5 5 6 3 32
{29,53} 2 2 4
{31,53} 2 1 1 4 8 4 3 23
{37,53} 8 3 11
{41,53} 0
{43,53} 2 6 3 3 1 2 1 3 21
{47,53} 4 2 1 1 2 1 11
{2,59} 2 144 6 24 24 24 4 228
{3,59} 8 4 9 2 2 6 12 6 3 52
{5,59} 2 2 1 1 2 1 9
{7,59} 4 4 2 2 5 10 5 3 35
{11,59} 2 1 1 2 1 7
{13,59} 2 1 1 1 2 1 3 11
{17,59} 2 6 3 3 2 1 17
{19,59} 4 1 2 2 2 4 2 3 20
{23,59} 8 1 4 4 4 2 23
{29,59} 4 2 1 1 2 1 11
{31,59} 6 1 3 3 2 4 2 3 24
{37,59} 8 1 4 4 2 4 2 3 28
{41,59} 2 2 1 1 2 1 9
{43,59} 8 6 3 3 3 1 1 2 1 3 31
{47,59} 2 1 1 2 1 7
{53,59} 2 4 2 1 2 2 4 2 19
{2,61} 60 1 10 10 7 2 1 12 2 7 112
{3,61} 28 4 2 16 2 2 3 32 1 16 8 12 126
{5,61} 4 3 7
{7,61} 12 12
{11,61} 2 1 1 3 1 1 2 1 3 15
{13,61} 4 6 4 3 3 4 2 1 12 39
{17,61} 3 3
{19,61} 2 2 1 1 4 2 1 12 25
{23,61} 4 1 2 2 3 2 1 4 2 3 24
{29,61} 3 3
{31,61} 2 1 1 3 4 1 2 1 12 27
{37,61} 3 1 12 16

continued on next page
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Table A.2: Imprimitive sextics with |S| = 2 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{41,61} 2 2 3 1 3 11
{43,61} 12 12
{47,61} 2 8 1 4 4 2 4 2 3 30
{53,61} 6 3 3 3 1 1 2 1 3 23
{59,61} 4 1 2 2 2 4 2 3 20
{2,67} 8 36 1 6 6 7 2 1 12 2 7 88
{3,67} 2 12 4 6 6 3 20 1 10 5 12 81
{5,67} 4 1 2 2 3 2 1 4 2 3 24
{7,67} 6 1 3 3 8 4 2 12 39
{11,67} 2 1 1 1 2 4 2 3 16
{13,67} 12 12
{17,67} 3 3
{19,67} 2 1 1 4 2 1 12 23
{23,67} 2 1 1 1 2 1 3 11
{29,67} 2 3 5
{31,67} 6 3 3 3 4 1 2 1 12 35
{37,67} 2 8 1 4 4 8 4 2 12 45
{41,67} 4 1 2 2 2 4 2 3 20
{43,67} 6 3 3 6 4 2 2 1 12 39
{47,67} 2 3 5
{53,67} 6 3 3 3 1 1 2 1 3 23
{59,67} 2 1 1 3 1 1 2 1 3 15
{61,67} 2 1 1 4 2 1 12 23

Table A.3: Imprimitive sextics where S contains 3 primes.

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{2,3,5} 624 2002 44 375 143 143 15 31 1 434 31 15 3858
{2,3,7} 642 2100 28 345 150 150 120 120 8 420 30 60 4173
{2,5,7} 32 532 2 15 38 38 15 6 1 84 6 15 784
{3,5,7} 54 66 4 106 11 11 7 80 1 120 20 28 508
{2,3,11} 878 2394 8 493 171 171 15 35 1 490 35 15 4706
{2,5,11} 44 630 4 21 45 45 98 7 894
{3,5,11} 76 90 6 163 15 15 23 138 23 7 556
{2,7,11} 86 602 6 10 43 43 15 5 1 70 5 15 901

continued on next page
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Table A.3: Imprimitive sextics with |S| = 3 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{3,7,11} 30 102 93 17 17 7 76 1 114 19 28 504
{5,7,11} 8 6 1 1 1 2 12 2 7 40
{2,3,13} 632 2100 46 345 150 150 120 120 8 420 30 60 4181
{2,5,13} 62 532 6 15 38 38 75 6 5 84 6 15 882
{3,5,13} 44 72 14 106 12 12 7 80 1 120 20 28 516
{2,7,13} 42 700 2 15 50 50 180 24 12 84 6 60 1225
{3,7,13} 76 78 6 87 13 13 21 247 3 114 19 91 768
{5,7,13} 4 12 1 2 2 14 8 2 12 2 28 87
{2,11,13} 48 1050 2 30 75 75 15 9 1 126 9 15 1455
{3,11,13} 46 120 24 147 20 20 7 88 1 132 22 28 655
{5,11,13} 6 30 2 3 5 5 7 3 1 18 3 7 90
{7,11,13} 2 30 3 5 5 14 12 2 18 3 28 122
{2,3,17} 852 2590 66 493 185 185 75 35 5 490 35 15 5026
{2,5,17} 70 644 8 15 46 46 84 6 919
{3,5,17} 44 108 14 147 18 18 7 22 1 132 22 7 540
{2,7,17} 108 546 6 10 39 39 15 5 1 70 5 15 859
{3,7,17} 54 90 4 106 15 15 7 80 1 120 20 28 540
{5,7,17} 2 12 2 2 2 4 24 4 7 59
{2,11,17} 74 714 4 30 51 51 126 9 1059
{3,11,17} 58 126 4 126 21 21 7 21 1 126 21 7 539
{5,11,17} 4 36 2 3 6 6 18 3 78
{7,11,17} 6 66 10 11 11 5 30 5 7 151
{2,13,17} 168 238 16 3 17 17 15 3 1 42 3 15 538
{3,13,17} 188 108 52 334 18 18 7 128 1 192 32 28 1106
{5,13,17} 14 6 6 1 1 7 1 1 6 1 7 51
{7,13,17} 2 30 4 3 5 5 14 12 2 18 3 28 126
{11,13,17} 4 24 4 6 4 4 4 24 4 7 85
{2,3,19} 894 2324 8 459 166 166 180 136 12 476 34 60 4915
{2,5,19} 48 672 2 22 48 48 15 8 1 112 8 15 999
{3,5,19} 64 108 4 147 18 18 14 88 2 132 22 28 645
{2,7,19} 46 518 2 15 37 37 180 28 12 98 7 60 1040
{3,7,19} 160 102 163 17 17 28 299 4 138 23 91 1042
{5,7,19} 4 24 3 4 4 14 12 2 18 3 28 116
{2,11,19} 85 1092 39 78 78 75 10 5 140 10 15 1627
{3,11,19} 30 96 75 16 16 14 72 2 108 18 28 475
{5,11,19} 44 7 1 7 59
{7,11,19} 10 35 4 5 6 1 28 89

continued on next page
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Table A.3: Imprimitive sextics with |S| = 3 (cont.)

S T13 T11 T10 T9 S−
4 S+

4 T6 T5 A4 D6 S3 C6 Total
{2,13,19} 54 798 2 21 57 57 120 28 8 98 7 60 1310
{3,13,19} 76 138 6 106 23 23 21 260 3 120 20 91 887
{5,13,19} 4 42 2 3 7 7 7 12 1 18 3 28 134
{7,13,19} 4 30 3 5 5 21 39 3 18 3 91 222
{11,13,19} 6 42 3 7 7 7 12 1 18 3 28 134
{2,17,19} 156 546 4 10 39 39 15 5 1 70 5 15 905
{3,17,19} 58 114 4 147 19 19 35 88 5 132 22 28 671
{5,17,19} 10 66 4 10 11 11 5 30 5 7 159
{7,17,19} 6 24 2 1 4 4 14 8 2 12 2 28 107
{11,17,19} 6 18 2 3 3 3 7 3 1 18 3 7 74
{13,17,19} 18 12 2 1 2 2 7 8 1 12 2 28 95

A.2. Imprimitive Octic Tables

We partition the imprimitive octics into 2 groups, those with a quartic subfield and
those without a quartic subfield. For those octics having a quartic subfield, the fields were
further partitioned into new and old fields. A field is said to be old if it’s Galois closure
is the compositum of smaller degree fields; otherwise, it is said to be new. Note that this
definition differs slightly from that in [9]. The key point here is that old fields can be easily
generated from tables of smaller degree fields by forming compositums and then computing
the subfields of the compositums.

As a final note, if a column had no entries, then it was removed from the table. So
if there is no column for a particular type of field, then that means that no fields of that
type were found for all cases in that table.
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Table A.5: Old octics with a quartic subfield (|S| = 2).

S T2 T3 T4 T9 T10 T13 T14 T18 T24 Total
{2,3} 6 1 14 28 8 7 22 24 132 242
{2,5} 18 1 12 24 24 3 8 18 108
{3,5} 1 1 2 4
{2,7} 6 1 20 40 24 7 64 162
{3,7} 1 1 2 4
{5,7} 1 1
{2,11} 6 1 14 28 8 6 24 36 123
{3,11} 1 3 6 10
{5,11} 1 2 2 5
{7,11} 1 1
{2,13} 18 1 12 24 24 7 10 8 60 164
{3,13} 1 2 2 1 2 8
{5,13} 3 3 6
{7,13} 1 3 4
{11,13} 1 1 2 4
{2,17} 18 1 30 60 72 128 309
{3,17} 1 3 2 4 10
{5,17} 3 3
{7,17} 1 1
{11,17} 1 1 2 4
{13,17} 3 3 6 12
{2,19} 6 1 14 28 8 7 13 24 78 179
{3,19} 1 3 2 4 10
{5,19} 1 2 2 5
{7,19} 1 3 4
{11,19} 1 3 4
{13,19} 1 1 2 4
{17,19} 1 2 2 5
{2,23} 6 1 20 40 24 9 64 54 218
{3,23} 1 3 6 10
{5,23} 1 1 2 4
{7,23} 1 1 2 4
{11,23} 1 1 2 4
{13,23} 1 2 2 5
{17,23} 1 1 2 4
{19,23} 1 1 2 4
{2,29} 18 1 12 24 24 17 8 102 206

continued on next page
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Table A.5: Old octics with a quartic subfield (|S| = 2). (cont.)

S T2 T3 T4 T9 T10 T13 T14 T18 T24 Total
{3,29} 1 4 8 13
{5,29} 3 3 6 12
{7,29} 1 2 2 3 8
{11,29} 1 1 2 4
{13,29} 3 3 6 12
{17,29} 3 3
{19,29} 1 1 2 4
{23,29} 1 2 2 5
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Table A.7: Imprimitive octics with no quartic (|S| = 1).

S T33 T42 Total
{2} 0
{3} 0
{5} 0
{7} 0
{11} 0
{13} 0
{17} 0
{19} 0
{23} 0
{29} 0
{31} 0
{37} 0
{41} 0
{43} 0
{47} 0
{53} 0
{59} 0
{61} 0
{67} 0
{71} 0
{73} 0
{79} 0
{83} 0
{89} 0
{97} 0
{101} 0
{103} 0
{107} 0
{109} 0
{113} 0
{127} 0
{131} 0
{137} 0
{139} 1 1
{149} 0
{151} 0
{157} 0

continued on next page
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Table A.7: Imprimitive octics with no quartic (|S| = 1). (cont.)

S T33 T42 Total
{163} 2 2
{167} 0
{173} 0
{179} 0
{181} 0
{191} 0

Table A.8: Imprimitive octics with no quartic (|S| = 2).

S T33 T34 T41 T42 T45 T46 T47 Total
{2,3} 6 11 90 12 110 28 542 799
{2,5} 1 12 13
{3,5} 0
{2,7} 6 14 22 42
{3,7} 1 1 2
{5,7} 0
{2,11} 2 40 3 22 67
{3,11} 0
{5,11} 0
{7,11} 0

We now give tables of specific octic fields. In the tables, L represents the octic field,
dL denotes the field discriminant, (r, s) is the signature, G = Gal(Lg/Q), h denotes the
class number, and CL denotes the class group. In the interest of saving space, and also
because fields having larger class numbers are more interesting, Table A.11 only lists those
fields having a class number greater than or equal to 100.

From Table A.9, one makes the interesting observation that every imprimitive octic
ramified at only p = 2, has a trivial class group. On the other hand, Table A.11 gives
examples of octics having highly non-trivial class groups; in fact, one octic even had a class
number of 15076.
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Table A.9: All imprimitive octics ramified at only p = 2.

Defining Polynomial dL (r, s) G h CL

x8 + 6x4 + 1 222 (0,4) T4 1 C1

x8 + 1 224 (0,4) T2 1 C1

x8 − 4x6 + 8x4 − 4x2 + 1 224 (0,4) T4 1 C1

x8 − 4x6 + 6x4 − 4x2 + 2 225 (0,4) T21 1 C1

x8 + 4x6 − 2x4 + 4x2 + 1 226 (0,4) T10 1 C1

x8 − 4x6 − 2x4 − 4x2 + 1 226 (4,2) T10 1 C1

x8 + 4x4 − 4x2 + 1 226 (0,4) T9 1 C1

x8 − 4x6 + 10x4 − 8x2 + 2 227 (0,4) T6 1 C1

x8 − 2x4 + 2 227 (0,4) T17 1 C1

x8 + 2x4 + 2 227 (0,4) T17 1 C1

x8 − 2x4 − 1 −228 (2,3) T8 1 C1

x8 − 6x4 − 8x2 − 1 −228 (2,3) T6 1 C1

x8 − 4x6 + 10x4 + 4x2 + 1 228 (0,4) T19 1 C1

x8 − 4x6 − 2x4 + 12x2 + 1 228 (4,2) T20 1 C1

x8 + 4x6 + 4x4 − 2 −229 (2,3) T30 1 C1

x8 − 4x6 + 4x4 − 2 −229 (2,3) T30 1 C1

x8 − 4x6 + 8x4 − 8x2 + 2 229 (4,2) T28 1 C1

x8 + 4x6 + 8x4 + 8x2 + 2 229 (0,4) T28 1 C1

x8 − 4x6 + 2x4 + 4x2 − 1 −230 (6,1) T27 1 C1

x8 + 4x6 + 2x4 − 4x2 − 1 −230 (2,3) T27 1 C1

x8 − 4x6 + 6x4 − 4x2 − 1 −230 (2,3) T30 1 C1

x8 + 4x6 + 6x4 + 4x2 − 1 −230 (2,3) T30 1 C1

x8 − 2 −231 (2,3) T8 1 C1

x8 − 8x4 − 2 −231 (2,3) T6 1 C1

x8 − 8x4 − 8x2 − 2 −231 (2,3) T27 1 C1

x8 − 8x4 + 8x2 − 2 −231 (6,1) T27 1 C1

x8 + 8x6 + 20x4 + 16x2 + 2 231 (0,4) T1 1 C1

x8 − 8x6 + 20x4 − 16x2 + 2 231 (8,0) T1 1 C1

x8 + 2 231 (0,4) T6 1 C1

x8 − 8x6 − 12x4 + 2 231 (4,2) T7 1 C1

x8 − 4x4 + 2 231 (4,2) T16 1 C1

x8 + 4x4 + 2 231 (0,4) T16 1 C1

x8 − 8x6 + 24x4 − 32x2 + 18 231 (0,4) T17 1 C1

x8 + 8x6 + 24x4 + 32x2 + 18 231 (0,4) T17 1 C1

x8 − 4x4 + 8x2 + 2 231 (0,4) T28 1 C1

x8 − 4x4 − 8x2 + 2 231 (4,2) T28 1 C1
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A.3. Imprimitive Nonic Tables

We now provide complete tables for imprimitive fields of degree 9. For cases having
more than 2 primes, we partition the data into new and old fields.

Tables A.12, A.13, and A.14 give numbers of each type of field for various sets S.
As in previous cases, if a column does not exist for a specific type of field then that means
that no fields of that type were found for all cases in that table.

Tables A.15 and A.16 give specific field data, ordered by increasing class number. In
the interest of saving space, Table A.16 only lists those fields having a class number greater
than or equal to 8.

Table A.12: Imprimitive nonics where S contains 1 prime.

S T1 T3 T4 T10 T11 T13 T20 T22 T28 Total
{2} 0
{3} 1 1 1 2 1 1 3 3 13
{5} 0
{7} 0
{11} 0
{13} 0
{17} 0
{19} 1 1
{23} 0
{29} 0
{31} 1 1 2
{37} 1 1
{41} 0
{43} 0
{47} 0
{53} 0
{59} 0
{61} 0
{67} 0
{71} 0
{73} 1 1
{79} 0
{83} 0
{89} 0
{97} 0
{101} 0
{103} 0

continued on next page
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Table A.12: Imprimitive nonics with |S| = 1 (cont.)

S T1 T3 T4 T10 T11 T13 T20 T22 T28 Total
{107} 0
{109} 1 1
{113} 0
{127} 1 1
{131} 0
{137} 0
{139} 1 1
{149} 0
{151} 0
{157} 0
{163} 1 1 2
{167} 0
{173} 0
{179} 0
{181} 1 1
{191} 0
{193} 0
{197} 0
{199} 1 1 1 3
{211} 1 1 2
{223} 0
{227} 0
{229} 1 1

Table A.13: Old imprimitive nonics where S contains 2 primes.

S T2 T4 T5 T8 Total
{2,3} 8 1 22 31
{2,5} 0
{3,5} 5 1 4 10
{2,7} 0
{3,7} 1 20 1 4 26
{5,7} 1 1
{2,11} 1 1
{3,11} 6 1 9 16

continued on next page
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Table A.13: Old imprimitive nonics with |S| = 2 (cont.)

S T2 T4 T5 T8 Total
{5,11} 0
{7,11} 0
{2,13} 2 1 3
{3,13} 1 32 2 16 51
{5,13} 0
{7,13} 1 1
{11,13} 1 1
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A.4. Imprimitive Decic Tables

We now provide tables for imprimitive fields of degree 10. We partition the imprim-
itive decics into 2 groups, those with a quintic subfield and those with a quadratic subfield.
For those cases having 2 primes and a quintic subfield, the fields were further partitioned
into new and old fields.

Tables A.17, A.18, A.19 A.20, A.21, and A.22 give numbers of each type of field
for various sets S. In addition, Table A.21 sorts the data by quadratic subfield K. As in
previous cases, if a column does not exist for a specific type of field then that means that
no fields of that type were found for all cases in that table. Finally, note that Table A.22 is
not complete, but is guaranteed to contain every field satisfying ν2(dL) ≤ 27.

Tables A.23, A.24, and A.25 give specific field data, ordered by increasing class
number. In the interest of saving space, Table A.24 only lists those fields having a class
number greater than or equal to 32.

Table A.17: Decics with a quintic subfield (|S| = 1).

S T1 T2 T4 T12 T24 T25 T37 T38 Total
{2} 0
{3} 0
{5} 1 2 3
{7} 0
{11} 1 1
{13} 0
{17} 0
{19} 0
{23} 0
{29} 0
{31} 1 1
{37} 0
{41} 1 1
{43} 0
{47} 1 1
{53} 0
{59} 0
{61} 1 1
{67} 0
{71} 1 1
{73} 0
{79} 1 1
{83} 0

continued on next page
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Table A.17: Decics with a quintic subfield (|S| = 1). (cont.)

S T1 T2 T4 T12 T24 T25 T37 T38 Total
{89} 0
{97} 0
{101} 1 1 1 1 1 5
{103} 1 1
{107} 0
{109} 0
{113} 0
{127} 1 1
{131} 1 1 2
{137} 0
{139} 0
{149} 0
{151} 1 1 2
{157} 1 1 1 3
{163} 0
{167} 0
{173} 1 1 1 3
{179} 1 1
{181} 1 1 2
{191} 1 1
{193} 0
{197} 1 1
{199} 0
{211} 1 1
{223} 0
{227} 1 1
{229} 0

Table A.18: Old decics with a quintic subfield (|S| = 2).

S T1 T2 T3 T4 T5 T11 T12 T22 Total
{2,3} 1 6 5 30 42
{2,5} 7 4 24 19 114 35 38 228 469
{3,5} 3 2 4 7 14 18 22 44 114
{2,7} 2 12 14

continued on next page
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Table A.18: Old decics with a quintic subfield (|S| = 2). (cont.)

S T1 T2 T3 T4 T5 T11 T12 T22 Total
{3,7} 0
{5,7} 3 2 4 7 14 4 8 42
{2,11} 7 1 6 1 6 2 12 35
{3,11} 3 6 9
{7,11} 3 1 2 1 2 9
{2,13} 6 36 4 24 70
{3,13} 0
{7,13} 1 2 3
{11,13} 3 1 2 6
{2,17} 7 3 18 28
{3,17} 1 2 3 1 2 9
{7,17} 1 2 3
{11,17} 3 3
{13,17} 1 2 3
{2,19} 1 6 1 6 7 2 12 35
{3,19} 9 4 8 21
{7,19} 1 2 3
{11,19} 3 2 4 1 2 12
{13,19} 1 2 3
{17,19} 1 2 3
{2,23} 1 6 5 30 42
{3,23} 3 3
{7,23} 1 2 3
{11,23} 3 1 2 6
{13,23} 0
{17,23} 1 2 3
{19,23} 1 2 2 4 9
{2,29} 1 6 2 12 14 6 36 77
{3,29} 1 2 1 2 9 15
{7,29} 2 4 6
{11,29} 3 2 4 9
{13,29} 1 2 3 2 4 12
{17,29} 2 4 6 3 6 21
{19,29} 1 2 1 2 6
{23,29} 6 1 2 9
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Table A.19: New decics with a quintic subfield (|S| = 2).

S T8 T14 T15 T16 T23 T24 T25 T29 T34 T36 T37 T38 T39 Total
{2,3} 7 7 42 91 91 546 784
{2,5} 3 21 60 60 360 173 173 1038 35 245 450 450 2700 5768
{3,5} 8 8 16 32
{2,7} 30 30 180 240
{3,7} 0
{5,7} 3 9 1 1 2 1 1 2 20
{2,11} 3 21 15 15 90 15 15 90 46 46 276 632
{3,11} 0
{7,11} 1 1 2 4
{2,13} 90 90 540 84 84 504 1392
{3,13} 0
{7,13} 0
{11,13} 3 3 6 12
{2,17} 15 105 61 61 366 608
{3,17} 1 3 1 1 2 8
{7,17} 3 3 6 12
{11,17} 0
{13,17} 1 1 2 4
{2,19} 15 15 90 15 15 90 7 49 46 46 276 664
{3,19} 3 3 6 12
{7,19} 0
{11,19} 0
{13,19} 0
{17,19} 3 3 6 12
{2,23} 31 31 186 107 107 642 1104
{3,23} 1 3 4
{7,23} 1 1 2 4
{11,23} 3 9 12
{13,23} 0
{17,23} 1 1 2 4
{19,23} 1 1 2 4
{2,29} 15 15 90 22 22 132 22 154 138 138 828 1576
{3,29} 1 3 4
{7,29} 1 1 2 4
{11,29} 3 3 6 12
{13,29} 1 1 2 4 4 8 20
{17,29} 1 1 2 1 1 2 8

continued on next page
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Table A.19: New decics with a quintic subfield (|S| = 2). (cont.)

S T8 T14 T15 T16 T23 T24 T25 T29 T34 T36 T37 T38 T39 Total
{19,29} 3 3 6 12
{23,29} 3 3 6 12

Table A.20: Decics with a quadratic subfield (|S| = 1).

S T1 T2 T4 T10 Total
{2} 0
{3} 0
{5} 1 2 2 5
{7} 0
{11} 1 1
{13} 0
{17} 0
{19} 0
{23} 0
{29} 0
{31} 1 1
{37} 0
{41} 1 1
{43} 0
{47} 1 1

Table A.21: Decics with a quadratic subfield (|S| = 2).

S K T1 T2 T3 T5 T6 T11 T22 T40 T41 T43 Total
{2,3} Q(

√
−3) 1 5 1 2 3 12

{2,3} Q(
√
−1) 1 5 0 2 6 14

{3,7} Q(
√
−3) 0

{3,7} Q(
√
−7) 0

{3,7} Q(
√

21) 0
{3,11} Q(

√
−3) 1 2 3

{3,11} Q(
√
−11) 1 2 3

{3,11} Q(
√

33) 1 2 3
continued on next page
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Table A.21: Decics with a quadratic subfield (|S| = 2). (cont.)

S K T1 T2 T3 T5 T6 T11 T22 T40 T41 T43 Total
{7,11} Q(

√
−7) 1 1 2 1 5

{7,11} Q(
√
−11) 1 1 1 3

Table A.22: All decics unramified outside S = {2, 3}, containing
K = Q(

√
2), and such that ν2(dL) ≤ 27.

S K T4 T12 T22 T40 T43 Total
{2,3} Q(

√
2) 1 2 3 2 3 11
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